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Abstract
Chiral perturbation theory (χPT), the low-energy effective theory of QCD, can be used
to describe QCD observables in the low-energy region in a model-independent way. At
any given order in the chiral expansion, χPT introduces a finite number of parame-
ters that encode the short-distance physics and that must be determined from exper-
iment or numerical lattice QCD simulations. In this thesis, we calculate a number of
hadronic observables in the quenched and partially quenched versions of χPT:
Chiral corrections to B(∗) → D(∗) at zero recoil are investigated in quenched χPT.
We study in detail the charge radii of the meson and baryon octets, electromagnetic
properties of the baryon decuplet, and the baryon decuplet to octet electromagnetic
transitions in both, quenched and partially quenched χPT. We further show how ef-
fects due to the finite size of the lattice can be accounted for in heavy meson χPT and
calculate, as explicit examples, neutral B meson mixing and the heavy-light meson
decay constants. We also demonstrate how one can account for effects due to finite
lattice spacing in the low-energy theories, considering as an example electromagnetic
meson and baryon properties.
The results of our calculations are crucial to extrapolate quenched and partially
quenched lattice data from the heavier light quark masses used on the lattice to the
physical values.
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Glossary
QCD: Quantum Chromodynamics. EFT: Effective Field Theory.
LQCD: Lattice QCD. HQET: Heavy Quark Effective Theory.
QQCD: Quenched QCD. CKM: Cabibbo-Kobayashi-Maskawa.
PQQCD: Partially QQCD. LEC: low-energy constant.
χPT: Chiral Perturbation Theory. LO: leading order.
QχPT: Quenched χPT. NLO: next-to-LO.
PQχPT: Partially QχPT. NNLO: next-to-NLO.
HMχPT: Heavy Meson χPT.
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Chapter 1
Introduction
Quantum chromodynamics (QCD), a part of the very successful standard model of
particle physics, was formulated over 30 years ago. It is the theory that describes
the interaction of quarks and gluons, which are the building blocks of hadrons. In
principle, it not only enables the calculation of properties of protons and neutrons, that
make up the nuclei of atoms, but of the nuclei themselves. In short, QCD describes all
hadronic properties of matter.
Unfortunately, even though QCD is simple enough to be written down in the form
of a few partial differential equations, solving it to calculate even basic hadronic prop-
erties, such as the mass or the magnetic moment of the proton, is very complicated
and still poses a challenge. In a similar theory, quantum electrodynamics, the fun-
damental coupling constant is small at low energies and observables can be arranged
in the form of a series, called a perturbative expansion. Therefore, in calculating a
property, such as the anomalous magnetic moment of the electron, one only needs to
consider the first few terms in this series that dominate—usually a cumbersome but
easy task—whereas subsequent terms can be neglected because they are small.
In QCD the picture is different. The fundamental coupling constant in QCD, αS ,
depends upon the energy exchanged in the process under consideration (see Fig. 1.1) in
a different way: αS is small at large energies, such as occur during a particle collision
in a large particle accelerator or in a quark-gluon plasma. Here, perturbative tech-
niques are applicable. At energies . 1 GeV, however, the coupling constant becomes
large, αS ∼ 1, and a perturbative expansion in powers of αS fails. The series does not
converge, instead of becoming smaller, subsequent terms get bigger and bigger. This
is what makes solving QCD so complicated in the low energy region which is relevant
for hadronic properties because that is where quarks and gluons bind together into
composite states.
A way to solve this problem is to use lattice QCD (LQCD). Here, one simulates
QCD with the help of computers on a finite-sized 4-dimensional grid (or lattice) that
represents points in discretized space-time (see Fig. 1.2). Since even for today’s most
powerful computers this task is very time-consuming, theorists use additional approx-
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Figure 1.1: Measured αS plotted against the momentum µ at which the measurement was
made. The three lines show the central value and the±1σ of the Particle Data Group’s average.
The data points are from several experimental measurements. Figure taken from Ref. [1].
imations to simplify the calculation: among others, they neglect (or partially neglect)
contributions of quark-antiquark pairs that constantly pop out of and disappear into
the vacuum (the so-called “quenched” and “partially quenched” approximations) and
that are very costly to calculate; and they simulate with light quarks (of the up and
down flavors) that are several times more massive than in nature.
Because of such approximations, lattice theorists need to know how to connect their
results to QCD of the real world. In particular, for each property they measure on the
lattice they need to know how to extrapolate from the heavier quarks they use down to
the quarkmasses of nature. A model-independent way to do this extrapolation is to use
a low-energy effective theory that exploits the symmetries of QCD and is formulated in
terms of the relevant degrees of freedom in the low-energy region, mesons and baryons,
rather than quarks and gluons: chiral perturbation theory (χPT). Since the quark
mass, mq, dependence is explicit in χPT (the low-energy constants are independent
2
La
Figure 1.2: Lattice size L and lattice spacing a. In general, these can be different for each of
the four dimensions. However, often only the time direction has different L and a.
of mq) it is the only rigorous tool for extrapolating LQCD results down to physical
quark masses. Since most simulations today use either the quenched or the partially
quenched approximations of QCD, one has to use the quenched or partially quenched
versions of χPT to do the appropriate extrapolations.
The research contained in this thesis involves the calculation of a number of
hadronic properties using χPT as well as quenched χPT (QχPT) and partially
quenched χPT (PQχPT). Our results for QχPT are necessary to extrapolate existing
quenched lattice data of these properties to the physical regime.1 Moreover, because
of the conceptual advances in lattice computing algorithms made in the past few years
and because of the availability of faster computers, many of these properties will be
simulated with improved precision in partially quenched QCD, although it will be a
long time before real simulations with light physical quarks become feasible. There-
fore these lattice results need to be extrapolated to real-world QCD using our results
for PQχPT.
Besides (partial) quenching and simulating at heavier light quarks, there is a num-
ber of further artifacts that come about by using LQCD and that must be taken into
account and included in the (P)QχPT treatment. As steps in this directions, we have
included O(a) effects (due to the non-zero lattice spacing, a, the “graininess” of the
discrete lattice) in the calculation of baryon properties and finite L effects (due to the
finite size of the lattice box, L) in the calculation of properties of heavy quark systems.
1Note that our results in the present form cannot be used to extrapolate staggered lattice simulations.
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This thesis contains work carried out over the past two years and it is laid out as
follows. In Chapter 2 we give a brief introduction into QCD, χPT, LQCD, QχPT, and
PQχPT that is needed for all subsequent chapters. We elaborate on the implications of
the quenched and partially quenched theories for the extrapolation of lattice QCD sim-
ulations carried out at an unphysical regime to the physical regime. The subsequent
chapters deal with the calculation of a number of hadronic properties. Chapters 3 and
4 involve heavy mesons. In Chapter 3, we study the semileptonic B(∗) → D(∗) decays
in the heavy quark limit and calculate the lowest order chiral corrections from the
breaking of heavy quark symmetry at the zero recoil point in QχPT [2]. In Chapter 4,
we incorporate finite volume effects in the calculation of properties of heavy quark sys-
tems. In particular, we investigate how the scale ∆, which comes from the breaking of
heavy quark symmetry, influences finite volume effects. This work was carried out in
collaboration with David Lin [3]. In Chapters 5–7, we calculate a number of hadronic
properties in the baryon sector in QχPT and PQχPT. Whereas Chapter 5 involves the
baryon octet, Chapter 6 and Chapter 7 deal with the baryon decuplet and the baryonic
octet-decuplet transition, respectively. In Chapter 8, we extend the calculation of the
subsequent three chapters by incorporating finite a effects. These chapters are work
done in collaboration with Brian Tiburzi [4–7]. Finally, in Chapter 9 we summarize
and conclude. Several appendices contain supplemental material that has been taken
out of the main text in order to improve readability.
Most of the work contained in this thesis has been published previously:
• Daniel Arndt, Chiral 1/M2Q Corrections to B(∗) → D(∗) at Zero Recoil in Quenched
Chiral Perturbation Theory, Phys. Rev. D 67, 074501 (2003).
• Daniel Arndt and Brian C. Tiburzi, Charge Radii of the Meson and Baryon Octets
in Quenched and Partially Quenched Chiral Perturbation Theory, Phys. Rev. D
68, 094501 (2003).
• Daniel Arndt and Brian C. Tiburzi, Electromagnetic Properties of the Baryon De-
cuplet in Quenched and Partially Quenched Chiral Perturbation Theory, Phys.
Rev. D 68, 114503 (2003), Erratum-ibid. D 69, 059904 (2004).
• Daniel Arndt and Brian C. Tiburzi, Baryon Decuplet to Octet Electromagnetic
Transitions in Quenched and Partially Quenched Chiral Perturbation Theory,
Phys. Rev. D 69, 014501 (2004).
• Daniel Arndt and Brian C. Tiburzi,Hadronic Electromagnetic Properties at Finite
Lattice Spacing, Phys. Rev. D 69, 114503 (2004).
• Daniel Arndt and C.J. David Lin, Heavy Meson Chiral Perturbation Theory in
Finite Volume, Phys. Rev. D in press, [hep-lat/0403012].
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Chapter 2
QCD, Chiral Perturbation
Theory, and the Lattice
In this chapter we introduce the part of the standard model that describes the in-
teractions of quarks and gluons, QCD. Since QCD can only be solved perturbativly
at energies well above the energy scale relevant for hadronic properties, we describe
χPT, which is QCD’s low-energy effective theory. χPT—as an effective field the-
ory (EFT)—introduces a number of unknown parameters that encode the underlying
short-distance physics and that have to be fixed by comparison to either experimen-
tal measurements or to results from numerical lattice QCD (LQCD) simulations. We
briefly describe LQCD and the quenched and partially quenched approximations that
are used frequently and introduce the low-energy chiral effective theories that can be
used to extrapolate results from lattice simulations that employ these approximations:
QχPT and PQχPT. Lastly, we comment on how reliable it is to predict QCD properties
from lattice simulations that use the quenched and partially quenched approxima-
tions.
2.1 QCD and Chiral Symmetries
The Lagrangian of QCD is given by
LQCD = −
1
4
GAµνG
Aµν +
∑
a,b=u,d,s
q¯a(iD/ −mq)abqb (2.1)
where the eight gauge bosons AAµ are contained in the gluon field strength tensor G
A
µν
that is given by
GAµν = ∂µA
A
ν − ∂νAAµ − gfABCABµACν . (2.2)
The structure constants fABC are defined by
[TA, TB] = ifABCTC (2.3)
5
and the TA are the eight generators of color SU(3). The Lagrangian also contains the
triplet of quarks q = (u, d, s) of the up, down, and strange flavors1 with mass matrix
mq = diag(mu,md,ms). (2.4)
The quarks are minimally coupled to the gluon fields via
Dµ = ∂µ + igA
A
µT
A. (2.5)
Assuming that one is in a regime where perturbation theory is applicable, one can
calculate how the strong coupling constant
αS(µ) =
g2(µ)
4π
(2.6)
depends on the renormalization scale µ. From the QCD β function calculated to O(g3)
one finds
αS(µ) =
12π
(33 − 2Nf ) log(µ2/ΛQCD2)
. (2.7)
This means that, as long as the number of quark flavors Nf is smaller than 16, αS
becomes larger with decreasing µ, a behavior known as asymptotic freedom. Moreover,
if µ → ΛQCD then αS blows up. Of course, in that case the theory is not perturbative
in the first place. However, ΛQCD, which can be determined from fitting Eq. (2.7) to
experimental measurements to be about 200 MeV (see Fig. 1.1), can still be viewed as
the scale where QCD becomes strongly coupled.
In the limit of vanishing quark masses (mq → 0) the quark part of Eq. (2.1) becomes
simply
L = q¯iD/q = q¯LiD/qL + q¯RiD/qR (2.8)
which exhibits an exact global SU(3)L × SU(3)R symmetry. This means that the left-
and right-handed quark fields,
qL =
1− γ5
2
q and qR =
1 + γ5
2
q, (2.9)
transform under independent SU(3) flavor space rotations,
qL → LqL, qR → RqR, (2.10)
with L ∈ SU(3)L and R ∈ SU(3)R.
In nature, the masses of the light quarks are not zero. If they are turned on then
the term
q¯mqq = q¯LmqqR + q¯RmqqL (2.11)
1Although the standard model has six flavors of quarks that, in principle, should all be included, only
the three lightest flavors are relevant for the calculation of hadronic properties at energies . 1 GeV. The
quarks of the charm, top, and bottom flavors have masses that are typically much larger than 1 GeV.
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appears in the Lagrangian which is only invariant if L = R. In that case the symmetry
is broken down to its diagonal subgroup: SU(3)L × SU(3)R → SU(3)V . Although the
masses of the light quarks are not zero, they are nevertheless small compared to the
scale ΛQCD. One would therefore expect nature to exhibit at least an approximate
SU(3)L × SU(3)R symmetry. However, such a symmetry is not seen. What one does
see is evidence for just a single SU(3). One therefore assumes that the symmetry
SU(3)L×SU(3)R is spontaneously broken down to the observed SU(3). This symmetry
breaking is accomplished by the formation of scalar quark bilinears q¯q that have a
non-zero vacuum expectation value:
〈q¯iRqjL〉 = λδij . (2.12)
Under an SU(3)L × SU(3)R transformation this vacuum expectation value becomes
〈q¯iRqjL〉 → λ(LR†)ij, (2.13)
which means that for λ 6= 0 the vacuum expectation value is only unchanged if L = R
and the chiral symmetry SU(3)L×SU(3)R is spontaneously broken down to its diagonal
subgroup SU(3)V . The eight broken subgroups cause the appearance of eight massless
Goldstone bosons that are the fluctuations along the directions where the potential is
constant. These eight Goldstone bosons are believed to be realized in nature as the
pseudoscalar meson octet. The fact that the pseudoscalar mesons are light but not
massless reflects the fact that the SU(3)L × SU(3)R is only an approximate symmetry
of the Lagrangian. The Goldstone bosons can be represented by a 3 × 3 matrix Σ that
transforms as
Σ→ LΣR† (2.14)
and can be written as
Σ = exp
(
2iΦ
f
)
, (2.15)
where Φ is a traceless hermitian matrix given by
Φ =


1√
2
π0 + 1√
6
η π+ K+
π− − 1√
2
π0 + 1√
6
η K0
K− K¯0 − 2√
6
η

 (2.16)
and f is a constant with dimensions of mass, known as the pion decay constant.
At energies below Λχ,
2 these Goldstone bosons are the only degrees of freedom
and one can write down an effective Lagrangian that describes their interactions. In
principle, any term with the correct dimensions that obeys all the symmetries of the
QCD Lagrangian in Eq. (2.1) can be included in such an effective Lagrangian. How-
ever, since the number of such terms is infinite, one has to use a truncation scheme
2Actually, energies should be below the mass of the ρ,mρ = 770MeV, since the ρ is not included in the
EFT. This is accomplished by treating mρ ∼ Λχ.
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that limits the number of terms to be included: Because higher order terms contain
more and more derivatives, they are suppressed by the scale Λχ. For the theory with
massless quarks, the lowest order term is
f2
8
tr
(
∂µΣ†∂µΣ
)
. (2.17)
If mq is non-zero, then the term q¯mqq in Eq. (2.1) is not invariant under SU(3)L ×
SU(3)R. This can be fixed by treating mq as an independent field, a so-called spurion,
that is assumed to transform as
mq → LmqR†. (2.18)
Under simultaneous chiral transformations of the quark and spurion fields the mass
term in Eq. (2.1) is invariant. Using the spurion technique one can then include terms
into the EFT Lagrangian that involvemq. Doing so yields the lowest order Lagrangian
of χPT that is of order p2/Λ2χ [8,9]
L = f
2
8
tr
(
∂µΣ†∂µΣ
)
+ λ tr
(
mqΣ+m
†
qΣ
†
)
+ . . . . (2.19)
This Lagrangian includes all possible terms up to order p2/Λ2χ; terms that are of higher
order in the p/Λχ chiral expansion (more derivatives, more powers of mq) have been
neglected.
The Lagrangian in Eq. (2.19) is valid as long as p ≪ Λχ and p/Λχ can be used as a
small expansion parameters. It can be systematically expanded to include terms that
are of higher order in p/Λχ. Each term is accompanied by a constant (f and λ in the
above lowest order Lagrangian) that is a priori unknown. Observables receive con-
tributions from both long-range and short range physics; the long-range contribution
arises from the (non-analytic) structure of pion loop contributions, while the short-
range contribution is encoded in these low-energy constants that appear in the chiral
Lagrangian and are unconstrained in χPT. These constants must be determined from
experiment or lattice simulations.
By expanding Eq. (2.19) to lowest order in the meson fields Φ one can calculate the
masses of the Goldstone bosons in terms of the quark masses,mq, and the constants f
and λ. For the masses of off-diagonal meson, that are made up of the (anti-)quarks q
and q′, one finds
m2qq′ =
4λ
f2
(
mq +m
′
q
)
. (2.20)
For example, this gives
mπ± =
4λ
f2
(mu +md) , mK± =
4λ
f2
(mu +ms) , (2.21)
and
mK0 = mK¯0 =
4λ
f2
(md +ms) . (2.22)
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Clearly, in the isospin limit, wheremu = md, the charged and neutral kaons have equal
mass. Similarly one finds for the masses of the mesons on the diagonal
mπ0 =
4λ
f2
(mu +md) and mη =
4λ
3f2
(mu +md + 4ms) , (2.23)
so that mπ0 = mπ± in the isospin limit. In nature, the kaons are much heavier than
the pions, which reflects the fact that ms ≫ mu,md.
2.2 Lattice QCD
If the coupling αS is small then one can use perturbative methods to calculate the
vacuum expectation value of an operator O from the path integral3
〈O〉 = 1Z
∫
DADq¯Dq O exp
(
−
∫
d4xL
)
(2.24)
with the generating functional Z defined as
Z =
∫
DADq¯Dq exp
(
−
∫
d4xL
)
(2.25)
by expanding the exponential in powers of the interacting part of the Lagrangian and
solving the functional integral analytically for the first few terms in the series. This
approach fails in the strong coupling region (for energies smaller . ΛQCD) because the
expansion parameter αS becomes large. A way to solve QCD in the strong coupling re-
gion has been proposed by Wilson [10] and it involves putting QCD on a 4-dimensional
discrete space-time lattice and solving it numerically using computers. This method,
known as lattice QCD, basically involves two steps:
1. The infinite dimensional functional integral in Eq. (2.24) needs to be discretized
so that it can be calculated in a finite number of steps. This is accomplished by
discretizing space-time and putting QCD in a 4-dimensional space-time lattice.
In Wilsons formulation of LQCD, the fermionic fields (quarks) live on the lattice
sites whereas the gauge fields (gluons) are defined on the links which are the
lines that connect neighboring lattice sites.
2. Even after this discretization solving the functional integral means summing
over an enormous number of paths in configuration space. However, for most of
these paths the exponential is tiny; the integral is dominated only by a small
number of paths. In lattice simulations one tries to exploit this by sampling only
a small number of gauge configurations that minimize the action using Monte
3LQCD is formulated in Euclidean space, which can be accomplished by a Wick rotation from
Minkowski space t→ −itE. We will use Euclidean space in this subsection only.
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Figure 2.1: Quark line diagram representing the pion correlation function. The hatched blobs
represent sources for the pion at the indicated positions. The quarks are represented by solid
lines. While only the quarks connected to the sources are shown, this diagram must be evalu-
ated with all quark and gluon contributions.
Carlo methods. Then one can approximate O(A) as the average over this finite
ensemble of gauge configurations
〈O(A)〉 ≈ 1
N
∑
c
O(Ac) (2.26)
where N is the number of configurations in the ensemble.
As an example, consider a pion that, being a pseudoscalar, can be represented by
π(x) = d¯(x)γ5u(x) (see Fig. 2.1). The correlation function for this pion can be written
as
〈0|π¯(x)π(0)|0〉 = 〈0|u¯(x)γ5d(x)d¯(0)γ5u(0)|0〉
=
1
Z
∫
DADq¯Dq u¯(x)γ5d(x)d¯(0)γ5u(0) exp
(
−
∫
d4xL
)
=
1
Z
∫
DA tr [Gd(x, 0)γ5Gu(0, x)γ5] exp (−SG[A]) det[D/+mq]
=
〈
tr
[
Gd(x, 0)γ
5Gu(0, x)γ
5
]〉
sampled over gauge field configurations
(2.27)
where SG[A] is the pure Yang-Mills part of the gauge field action and G
−1
q = D/ +mq is
the inverse propagator for a quark of flavor q [the discretized version of which appears
in the last line of Eq. (2.27)]. In an LQCD simulation one approximates the expectation
value by the average over the weighted samples.
The computing power available today puts severe restrictions on what can be simu-
lated: Typically, the size of the lattice, L, is limited to a few fermi (∼2–4 fm); obviously
it should be at least as big as the Compton wave length of the lightest particle one
wants to simulate. Moreover, the lattice spacing, a, should be as small as possible so
that discretization artifacts are kept to a minimum; typically a ∼ L/5, so that a typical
box size would be 5× 5× 5× 5.
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But even with these constraints it turns out that lattice simulations with realistic
quark masses (mu,d ∼ 5 MeV, ms ∼ 100 MeV) are not feasible with the computational
power that is available today.
2.3 Quenching and Partial Quenching
The fermion determinant in Eq. (2.27) is very expensive to compute since it typically
scales ∼ m−2.5q . In contrast, the propagators are much less costly to calculate as they
scale ∼ m−1q .
The mass that appears in the fermion determinant is the mass for quarks that
are generated in the gauge field background, i.e., it is only assigned to quarks that are
generated dynamically from vacuum polarization in the gluonic background. These so-
called “sea” quarks are not connected to the sources of the correlator. The quarks that
are connected to the sources, and that have their mass appearing in the propagators,
are called “valence” quarks. Since in a lattice simulation the calculation of the fermion
determinant (that involves only sea quarks) is independent of the calculation of the
propagators (involving solely valence quarks) one has the freedom to vary the masses
of the sea and valence quarks independently.
As an extreme way to save computing time one can omit calculating the fermion
determinant completely. This is called the quenched approximation of QCD (QQCD).
Effectively, this is a theory without sea quarks as they are treated as being infinitely
heavy. Although simulating QQCD is much less costly than simulating full QCD (by
a factor ∼ 1000) it turns out that there exists, as will be explained shortly, no known
connection between QQCD and QCD. Although there are hints that quenching might
not make much difference for certain observables, it does introduces uncontrolled sys-
tematic errors.
A less severe approximation is partially quenched QCD (PQQCD). Unlike in QQCD,
where the sea quark masses are set to infinity, they are kept finite in PQQCD. Sea
quarks are thereby retained as dynamical degrees of freedom and the fermion deter-
minant is no longer equal to one. However, by efficaciously giving the sea quarks
larger masses, the fermion determinant becomes much less costly to calculate than in
full QCD. The main advantage of PQQCD, compared to QQCD, is that there does exist
a known analytic connection to QCD: By setting the sea quark masses equal to the
valence quark masses one recovers QCD.
How would one in practice do a perturbative QQCD or PQQCD calculation? The
obvious approach is to write down all QCD Feynman diagrams that contribute to a cer-
tain order in perturbation theory. Then, for QQCD, one simply disregards all diagrams
that contain virtual quark loops since these consist of sea quarks. For PQQCD, one as-
signs the sea quark mass to the quarks that appear in virtual loops. This method has
been used in, for example, Refs. [11, 12]. Although dropping or modifying individual
diagrams is very illustrative, this methods is somewhat artificial.
A more systematic way, that does not require modification of individual diagrams,
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is to include ghost quarks (that have bosonic statistics) in the quenched theory and
to introduce ghost and sea quarks in the partially quenched theory. In the next two
subsections we will introduce the field theoretical formulation of QQCD and PQQCD.
We will also explain their effective low energy theories, QχPT and PQχPT, that are
needed to properly extrapolate lattice data from the heavier light quark masses used
on the lattice to realistic masses.
Note that, although in general the number of valence and sea quark flavors need
not be identical, we use the case of flavor SU(3) and work with three valence and
three sea quark flavors throughout most of this thesis. The case of flavor SU(2), with
two valence and two sea quark flavors, is very similar and will be explained when
appropriate.
2.3.1 QQCD and QχPT
In QQCD the quark part of the Lagrangian is written as [13]
L =
∑
a,b=u,d,s
q¯a(iD/ −mq)abqb +
∑
a˜,b˜=u˜,d˜,s˜
¯˜qa˜(iD/ −mq˜)a˜b˜q˜b˜ =
∑
j,k=u,d,s,u˜,d˜,s˜
Q¯j(iD/ −mQ)jkQk.
(2.28)
Here, in addition to the fermionic light valence quarks u, d, and s their bosonic coun-
terparts u˜, d˜, and s˜ have been added. These six quarks are in the fundamental rep-
resentation of the graded group SU(3|3) [14–16] and have been accommodated in the
six-component vector
Q = (u, d, s, u˜, d˜, s˜) (2.29)
that obeys the graded equal-time commutation relation
Qαi (x)Q
β
j
†
(y) − (−1)ηiηjQβj
†
(y)Qαi (x) = δ
αβδijδ
3(x− y), (2.30)
where α and β are spin and i and j are flavor indices. The graded equal-time com-
mutation relations for two Q’s and two Q†’s can be written analogously. The grading
factor
ηk =
{
1 for k = 1, 2, 3
0 for k = 4, 5, 6
(2.31)
takes into account the different statistics for fermionic and bosonic quarks. The quark
mass and charge matrices are given by
mQ = diag(mu,md,ms,mu,md,ms) (2.32)
and
Q = diag
(
2
3
,−1
3
,−1
3
,
2
3
,−1
3
,−1
3
)
, (2.33)
respectively, so that diagrams with closed ghost quark loops cancel those with valence
quarks as illustrated in Fig. 2.2.
12
+

= 0
Figure 2.2: Cancellation of valence and ghost quark loops in QQCD. Dashed lines represent
ghost quarks. Since loops containing valence and ghost quarks of the same flavor have the
opposite sign, the first two diagrams cancel completely, effectively removing any diagram with
closed quark loops.
For massless quarks, the Lagrangian in Eq. (2.28) exhibits a graded symmetry
SU(3|3)L ⊗ SU(3|3)R ⊗ U(1)V that is assumed to be spontaneously broken down to
SU(3|3)V ⊗ U(1)V . The low-energy effective theory of QQCD that emerges by ex-
panding about the physical vacuum state is QχPT. The dynamics of the emerging
36 pseudo-Goldstone mesons can be described at lowest order in the chiral expansion
by the O(E2) Lagrangian4 [17–21]
L = f
2
8
str
(
DµΣ†DµΣ
)
+ λ str
(
mQΣ+m
†
QΣ
†
)
+ α∂µΦ0∂µΦ0 − µ20Φ20 (2.34)
where Σ is defined in Eq. (2.15) and
Φ =
(
π χ†
χ π˜
)
. (2.35)
Here the π, π˜, and χ are 3 × 3 matrices of pseudo Goldstone bosons with quantum
numbers of q¯q pairs, pseudo Goldstone bosons with quantum numbers of ¯˜qq˜ pairs, and
pseudo Goldstone fermions with quantum numbers of ¯˜qq pairs, respectively:
π =

 ηu π+ K+π− ηd K0
K− K¯0 ηs

 , π˜ =


η˜u π˜
+ K˜+
π˜− η˜d K˜0
K˜−
¯˜
K0 η˜s

 , and χ =

 χηu χπ+ χK+χπ− χηd χK0
χK− χK¯0 χηs

 .
(2.36)
The pion decay constant is f = 132 MeV, and we have defined the gauge-covariant
derivative DµΣ = ∂µΣ + ieAµ[Q,Σ]. The str() denotes a supertrace over flavor indices
defined as
str(X) =
6∑
i=1
(−1)ηiXii. (2.37)
4Here, E ∼ p,mpi where p is an external momentum.
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Upon expanding the Lagrangian in (2.34) one finds that to lowest order the mesons
with quark content QQ¯′ are canonically normalized when their masses are given by
m2QQ′ =
4λ
f2
(mQ +mQ′). (2.38)
One also finds that the propagator for off-diagonal (flavored) Goldstone mesons com-
posed of (ghost-) quarks Q and Q′ is given by
GQQ′(p) =
i
p2 −m2QQ′ + iǫ
. (2.39)
The flavor-singlet field Φ0 is defined as
Φ0 =
1√
6
str(Φ) =
1√
2
(η′ − η˜′). (2.40)
Φ0 is invariant under SU(3|3)L ⊗ SU(3|3)R ⊗ U(1)V and thus arbitrary functions of it
can be included in the Lagrangian. To lowest order in the chiral expansion only the two
operators included in Eq. (2.34) with parameters α and µ0 remain and are understood
to be inserted perturbativly [19]. Notice that this singlet field Φ0 is not heavy as in
χPT and therefore cannot be integrated out. It introduces a new vertex, the so-called
hairpin with the propagator
Gηaηa =
i
p2 −m2ηa + iǫ
+
i(µ20 − αp2)(
p2 −m2ηa + iǫ
)2 (2.41)
that exhibits a double pole which causes quenching artifacts and is ultimately respon-
sible for the sick behavior of the quenched theory.
2.3.2 PQQCD and PQχPT
The physics for flavor off-diagonal mesons in PQQCD is very similar to the QQCD
case. The quark part of the Lagrangian is extended once again by including three light
fermionic sea quarks j, l, and r and can be written as [22–29]
L =
∑
a,b=u,d,s
q¯a(iD/ −mq)abqb +
∑
a˜,b˜=u˜,d˜,s˜
¯˜qa˜(iD/ −mq˜)a˜b˜q˜b˜ +
∑
a,b=j,l,r
q¯sea,a(iD/ −msea)abqsea,b
=
∑
j,k=u,d,s,u˜,d˜,s˜,j,l,r
Q¯j(iD/ −mQ)jkQk. (2.42)
These nine quarks are in the fundamental representation of the graded group
SU(6|3) [14–16] and have been accommodated in the nine-component vector
Q = (u, d, s, j, l, r, u˜, d˜, s˜) (2.43)
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Figure 2.3: Cancellation between valence and ghost quark loops in PQQCD. As in Fig. 2.2,
dashed lines represent ghost quarks whereas fat solid lines represent the (heavier) sea quarks.
Like in QQCD, valence quark loops are canceled by their ghostly counterparts. The inclusion of
the (fermionic) sea quarks effectively replaces the valence quark masses in loops by sea quark
masses. Obviously, in the QCD limit, where valence and sea quarks have equal mass, one
recovers QCD.
that obeys the graded equal-time commutation relation in Eq. (2.30). Now, however,
the grading factor is
ηk =
{
1 for k = 1, 2, 3, 4, 5, 6
0 for k = 7, 8, 9
. (2.44)
The quark mass matrix is given by
mQ = diag(mu,md,ms,mj ,ml,mr,mu,md,ms) (2.45)
so that, in a perturbative expansion, diagrams with closed ghost quark loops cancel
those with valence quarks just like in QQCD. Effects of virtual quark loops are, how-
ever, present due to the contribution of the finite-mass sea quarks (see Fig. 2.3).
It has been recently realized [30] that the light quark electric charge matrix Q is
not uniquely defined in PQQCD. The only constraint one imposes is for the charge
matrix Q to have vanishing supertrace. Thus, as in QCD, no new operators involving
the singlet component are subsequently introduced. Following [31] we use
Q = diag
(
2
3
,−1
3
,−1
3
, qj, ql, qr, qj , ql, qr
)
(2.46)
so that QCD is recovered in the limitmj → mu, ml → md, andmr → ms independently
of the q’s.
For massless quarks, the Lagrangian in Eq. (2.42) exhibits a graded symmetry
SU(6|3)L ⊗ SU(6|3)R ⊗ U(1)V that is assumed to be spontaneously broken down to
SU(6|3)V ⊗ U(1)V . The low-energy effective theory of PQQCD that emerges by ex-
panding about the physical vacuum state is PQχPT. The dynamics of the emerging
80 pseudo-Goldstone mesons can be described at lowest order in the chiral expansion
by the Lagrangian given in Eq. (2.34) with Σ as defined in Eq. (2.15) but Φ now being
extended to include mesons that contain sea quarks
Φ =
(
M χ†
χ M˜
)
. (2.47)
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The M , M˜ , and χ are matrices of pseudo-Goldstone bosons with quantum numbers
of qq pairs, pseudo-Goldstone bosons with quantum numbers of q˜q˜ pairs, and pseudo-
Goldstone fermions with quantum numbers of q˜q pairs, respectively. Explicitly they
are given by
M =


ηu π
+ K+ J0 L+ R+
π− ηd K0 J− L0 R0
K− K¯0 ηs J−s L0s R0s
J¯0 J+ J+s ηj Y
+
jl Y
+
jr
L− L¯0 L¯0s Y
−
jl ηl Y
0
lr
R− R¯0 R¯0s Y
−
jr Y¯
0
lr ηr


, M˜ =

 η˜u π˜
+ K˜+
π˜− η˜d K˜0
K˜− ˜¯K0 η˜s

 , (2.48)
and
χ =

 χηu χπ+ χK+χπ− χηd χK0
χK− χK¯0 χηs

 . (2.49)
Meson masses and non-singlet propagators are similar to the quenched case as given
in Eqs. (2.38) and (2.39).
The flavor singlet field given by Φ0 = str(Φ)/
√
6 is, in contrast to the QχPT case,
rendered heavy by the U(1)A anomaly and can therefore be integrated out in χPT.
Analogously, its mass µ0 can be taken to be on the order of the chiral symmetry break-
ing scale, µ0 → Λχ. In this limit the flavor singlet propagator becomes independent of
the coupling α and deviates from a simple pole form [22,23]:
Gηaηb =
iδab
q2 −m2ηa + iǫ
− i
3
(q2 −m2jj)(q2 −m2rr)(
q2 −m2ηa + iǫ
) (
q2 −m2ηb + iǫ
) (
q2 −m2X + iǫ
) . (2.50)
This can be more compactly written in a form that only contains single poles:
Gηaηb = δ
abP (mηa)−
1
3
(m2jj −m2ηa)(m2rr −m2ηa)
(m2ηa −m2ηb)(m2ηa −m2X)
P (mηa)
+
1
3
(m2jj −m2ηb)(m2rr −m2ηb)
(m2ηa −m2ηb)(m2ηb −m2X)
P (mηb)−
1
3
(m2X −m2jj)(m2X −m2rr)
(m2X −m2ηa)(m2X −m2ηb)
P (mX)
(2.51)
where
P (m) =
i
q2 −m2 + iǫ (2.52)
andmX is given by m
2
X = (m
2
jj + 2m
2
rr)/3.
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2.3.3 Inclusion of the Baryon Octet and Decuplet in QχPT and PQχPT
Just as there are mesons in QQCD [PQQCD]5 with quark content QiQj that contain
valence (v) and ghost (g) [v, g, and sea(s)] quarks, there are baryons with quark com-
positions QiQjQk that contain these two [three] types of quarks. Restrictions on the
baryon fields Bijk come from the fact that these fields must reproduce the familiar octet
and decuplet baryons when i, j, k = 1-3 [11, 31, 32]. To this end, one decomposes the
irreducible representations of SU(3|3)V [SU(6|3)V ] into irreducible representations of
SU(3)v ⊗ SU(3)g ⊗ U(1) [SU(3)v ⊗ SU(3)s ⊗ SU(3)g ⊗ U(1)].
Baryon Octet
The method to construct the octet baryons is to use the interpolating field
Bγijk ∼
(
Qα,ai Q
β,b
j Q
γ,c
k −Qα,ai Qγ,cj Qβ,bk
)
ǫabc(Cγ5)αβ , (2.53)
which when restricted to i, j, k = 1-3 has non-zero overlap with the octet baryons.
Under SU(3|3)V [SU(6|3)V ], where Qi −→ UijQj and Qi −→ QjU †ji, Bijk transforms as
Bijk −→ (−)ηm(ηj+ηn)+(ηm+ηn)(ηk+ηl)UimUjnUklBmnl. (2.54)
Using the commutation relations in Eq. (2.30) one sees that Bijk satisfies the symme-
tries
Bijk = (−)1+ηjηkBikj,
0 = Bijk + (−)1+ηiηjBjik + (−)1+ηiηj+ηjηk+ηkηiBkji. (2.55)
The spin-1/2 baryon octet Bijk = Bijk, where the indices i, j, and k are restricted to
1-3, is contained as an (8,1) [(8,1,1)] of SU(3)v ⊗ SU(3)g [SU(3)v ⊗ SU(3)s ⊗ SU(3)g]
in the 70 [240] representation. The octet baryons, written in the familiar two-index
notation
B =


1√
6
Λ+ 1√
2
Σ0 Σ+ p
Σ− 1√
6
Λ− 1√
2
Σ0 n
Ξ− Ξ0 − 2√
6
Λ

 , (2.56)
are embedded in Bijk as [11]
Bijk =
1√
6
(ǫijlBkl + ǫiklBjl) . (2.57)
As explained in Ref. [11], it is convenient to switch to the three-index “quark flow”
notation Bijk as opposed to the familiar two-index notation of the octet baryons. The
5Here, we explain the inclusion of baryons for the quenched case; the partially quenched case is very
similar and included in square brackets.
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Table 2.1: Embedding of the baryon octet and decuplet into SU(3|3)V for QQCD.
Octet Decuplet
SU(3)v ⊗ SU(3)g dim SU(3)v ⊗ SU(3)g dim
qqq (8,1) 8 (10,1) 10
qqq˜ (6,3)⊕ (3¯,3) 27 (6,3) 18
qq˜q˜ (3,6)⊕ (3, 3¯) 27 (3, 3¯) 9
q˜q˜q˜ (1,8) 8 (1,1) 1
70 38
Table 2.2: Embedding of the baryon octet and decuplet for SU(6|3)V for PQQCD.
Octet Decuplet
SU(3)v ⊗ SU(3)s ⊗ SU(3)g dim SU(3)v ⊗ SU(3)s ⊗ SU(3)g dim
qqq (8,1,1) 8 (10,1,1) 10
qqqs (6,3,1)⊕ (3¯,3,1) 27 (6,3,1) 18
qqsqs (3,6,1)⊕ (3, 3¯,1) 27 (3,6,1) 18
qsqsqs (1,8,1) 8 (1,10,1) 10
qqq˜ (6,1,3)⊕ (3¯,1,3) 27 (6,1,3) 18
qqsq˜ (3,3,3)⊕ (3,3,3) 54 (3,3,3) 27
qsqsq˜ (1,3,6)⊕ (1,3, 3¯) 27 (1,6,3) 18
qq˜q˜ (3,1,6)⊕ (3,1, 3¯) 27 (3,1, 3¯) 9
qsq˜q˜ (1,3,6)⊕ (1,3, 3¯) 27 (1,3, 3¯) 9
q˜q˜q˜ (1,1,8) 8 (1,1,1) 1
240 138
reason that the two-index notation is possible at all is due to the fact that a 3×3matrix
contains 8 elements plus an overall constant.
Besides the conventional octet baryons that contain valence quarks, qqq, there are
also baryon fields with other types of quarks contained in the 70 (240). Since we
are only interested in calculating one-loop diagrams that have octet baryons in the
external states, we will need only the Bijk that contain at least two valence quarks.
We use the explicit construction in [13, 31]. For example, baryons that consist of two
valence and one ghost quark are denoted by the tensors a˜s˜bc and a˜t˜bc that transform as
a 27 = (6,3) + (3¯,3) of SU(3)v ⊗ SU(3)g [27 = (6,1,3) + (3¯,1,3) of SU(3)v ⊗ SU(3)s ⊗
SU(3)g]. For completeness, we list the transformations for octet baryons containing
any combination of quarks in Table 2.1 for QQCD and in Table 2.2 for PQQCD. In
Appendix A we list the transformations of the doublet and quartet baryons for the two
flavor case SU(2) (Tables A.1 and A.2).
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Baryon Decuplet
Similarly, the familiar spin-3/2 decuplet baryons are embedded in the 38 [138]. Here,
one uses the interpolating field
T α,µijk ∼
(
Qα,ai Q
β,b
j Q
γ,c
k +Q
β,b
i Q
γ,c
j Q
α,a
k +Q
γ,c
i Q
α,a
j Q
β,b
k
)
ǫabc (Cγ
µ)βγ (2.58)
that describes the 38 [138] dimensional representation of SU(3|3)V [SU(6|3)V ] and
has non-zero overlap with the decuplet baryons when the indices are restricted to i, j,
k = 1-3. Due to the commutation relations in Eq. (2.30), Tijk satisfies the symmetries
Tijk = (−)1+ηiηjTjik = (−)1+ηjηkTikj. (2.59)
The decuplet baryons are then readily embedded in T by construction: Tijk = Tijk,
where the indices i, j, k are restricted to 1-3. They transform as a (10,1) [(10,1,1)] un-
der SU(3)v ⊗ SU(3)g [SU(3)v ⊗SU(3)s ⊗SU(3)g]. Because of Eq. (2.59), Tijk is a totally
symmetric tensor. Our normalization convention is such that T111 = ∆
++. For the spin-
3/2 baryons that contain two valence quarks—the only ones relevant for our purpose—
we use the states constructed in [13, 31]. For example, spin-3/2 baryons consisting of
two valence and one ghost quark transform as (6,3) [(6,1,3)] under SU(3)v ⊗ SU(3)g
[SU(3)v ⊗ SU(3)s ⊗ SU(3)g]. For completeness, we list the transformations for the
remaining decuplet baryons in Table 2.1 (QQCD) and Table 2.2 (PQQCD); the trans-
formations for the two flavor case are given in Appendix A.
Free Lagrangian for Baryons
At leading order in the heavy baryon expansion, the free SU(3) Lagrangian for the Bijk
and Tijk is given by [11]
L = i (Bv · DB)+ 2αM (BBM+)+ 2βM (BM+B)+ 2σM (BB) str (M+)
−i (T µv · DTµ)+∆ (T µTµ)+ 2γM (T µM+Tµ)− 2σM (T µTµ) str (M+) ,
(2.60)
where M+ = 12
(
ξ†mQξ† + ξmQξ
)
with ξ2 = Σ. The covariant derivatives of Bijk and
Tijk both have the form
(DµB)ijk = ∂µBijk + (V µ)ilBljk + (−)ηi(ηj+ηm)(V µ)jmBimk + (−)(ηi+ηj)(ηk+ηn)(V µ)knBijn.
(2.61)
The brackets in (2.60) are shorthands for field bilinear invariants originally em-
ployed in [11](BΓB) = BαkjiΓβαBijk,β, (2.62)(BΓY B) = BαkjiΓβαYilBljk,β, (BΓBY ) = (−)(ηi+ηj)(ηk+ηn)BαkjiΓβαYknBijn,β, (2.63)(T µΓTµ) = T µ,αkjiΓβαTijk,βµ, (2.64)(T µΓY Tµ) = T µαkjiΓβαYilTljk,βµ, and (BΓY µTµ) = BαkjiΓβα (Y µ)il Tljk,βµ, (2.65)
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which ensure that the contraction of flavor indices maintains proper transformations
under chiral rotations. To lowest order in the chiral expansion, Eq. (2.60) gives the
propagators
i
v · k ,
iPµν
v · k −∆ (2.66)
for the spin-1/2 and spin-3/2 baryons, respectively. Here, v is the velocity and k the
residual momentum of the heavy baryon which are related to the momentum p by
p = MBv + k. MB denotes the (degenerate) mass of the octet baryons and ∆ the
decuplet–baryon mass splitting. The polarization tensor
Pµν = (vµvν − gµν)− 4
3
SµSν (2.67)
reflects the fact that the Rarita-Schwinger field T µijk contains both spin-1/2 and spin-3/2
pieces; only the latter remain as propagating degrees of freedom (see [33], for example).
2.4 Extrapolation of Lattice Data
If unquenched lattice simulations with light enough quarks were possible today then
one could simply use χPT to extrapolate to the physical quark masses. Unfortunately,
now and in the foreseeable future this is not the case and one is bound to simulate
using the quenched or partially quenched approximations and to extrapolate to the
physical quark masses using the appropriate low-energy effective theories, QχPT and
PQχPT. The next question then is: What statements about QCD can be made from
extrapolated QQCD or PQQCD lattice data?
Since PQQCD retains a U(1)A anomaly, the equivalent to the singlet field in QCD
is heavy (on the order of the chiral symmetry breaking scale Λχ) and can be inte-
grated out [22, 23]—just like in QCD. Therefore, the low-energy constants appearing
in PQχPT are the same as those appearing in χPT. By fitting PQχPT to partially
quenched lattice data one can determine these constants and make physical predic-
tions for QCD. The advantage of PQQCD is that, since one can vary the sea quark
masses independently from the valence quark masses, one has an enlarged parameter
space (more adjustable “knobs”) and can hope to determine the low-energy constants
with greater accuracy by fitting to a larger number of partially quenched lattice results
(see Fig. 2.4).
For example, since the valence and ghost quarks have equal masses, the contribu-
tion of valence quarks in disconnected quark loop diagrams is eliminated by the ghost
quarks. The effects of disconnected loop diagrams are solely due to sea quarks and the
physics of the sea sector can be explored by varying the sea quark masses. Further-
more, in the limit where the masses of the sea quarks become equal to those of the
valence and ghost quarks, one recovers QCD.
In processes that involve electroweak gauge fields, the “theory space” of PQQCD is
enlarged once more since one can chose arbitrary values for the charges of the ghost
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Figure 2.4: Domains for QCD and PQQCD in quark mass space. Full QCD is represented
by the point on the diagonal. χPT “lives” on the diagonal. Partial quenching opens up the
parameter space to the 2-dimensional gray region that has a large overlap with the region
where PQχPT is applicable. The low-energy parameters for PQχPT (which are the same as
for χPT) can be determined from this overlap with improved precision. Figure from Ref. [34]
courtesy Ruth Van de Water.
and sea quarks, qj, ql, and qr in Eq. (2.46). For example, if one choses qj = ql = qr = 0
then photons can only couple to valence quarks. In the case qj = 2/3, ql = −1/3, and
qr = −1/3 contributions of the valence and ghost sectors cancel and photons can only
couple to sea quarks [32].
In QQCD the answer to the question raised above is different. The problem with the
quenched approximation is that the Goldstone boson singlet is no longer affected by the
U(1)A anomaly as in QCD. In other words, the QQCD equivalent of the η
′ that is heavy
in QCD remains light andmust be included in the QχPT Lagrangian. This requires the
addition of new operators and hence new low-energy constants. In general, the low-
energy constants appearing in the QχPT Lagrangian are unrelated to those in χPT
and extrapolated quenched lattice data is unrelated to QCD. Although there is some
empirical evidence that the difference between QQCD and QCD for some observables
is small at large quark masses both theories deviate considerable in the low quark
mass region. In fact, several examples show that the behavior of meson loops near
the chiral limit is frequently misrepresented in QχPT [2, 5, 13, 35]. In the following
chapters, we find this is additionally true for a number of meson and baryon hadronic
properties.
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Chapter 3
Chiral 1/M2 corrections to
B(∗) → D(∗) at Zero Recoil in QχPT
In this chapter, we study the semileptonic B(∗) → D(∗) decays in the limit that the
heavy quark masses are infinite. We calculate the lowest order chiral corrections,
which are of O(1/M2), from the breaking of heavy quark symmetry at the zero recoil
point in QχPT. These results will aid in the extrapolation of quenched lattice calcula-
tions from the light quark masses used on the lattice down to the physical ones.
3.1 Introduction
The Cabibbo-Kobayashi-Maskawa (CKM) matrix describes the flavor mixing among
the quarks; its elements are fundamental input parameters for the standard model.
Their precise knowledge is not only crucial to determine the standard model but also
to shed light on the origin of CP violation. The matrix element that parametrizes the
amount of mixing between the b and c quarks, Vcb, can be extracted from the exclusive
semileptonic B meson decays B → Dlν and B → D∗lν, where l = e, µ. Heavy quark
effective theory (HQET) (for a recent review, see [36]), which is exact in the limit of
infinite massesM for the heavy quarks, predicts the width of the process B → D∗lν as
dΓ
dω
(B → D∗) = G
2
F |Vcb|2
48π3
K(ω)FB→D∗(ω)2, (3.1)
where ω = v ·v′ is the scalar product of the 4-velocities v and v′ of the B andD∗ mesons,
respectively. K(ω) is a known kinematical factor and F(ω) is a form factor whose value
at the kinematical point ω = 1 is F(1) = 1 in the M → ∞ limit. There are, however,
perturbative and nonperturbative corrections to F(1),
FB→D∗(1) = ηA + δ1/M2 + . . . , (3.2)
where the parameter ηA ≈ 0.96 is a QCD radiative correction known to two-loop or-
der [37] and δ1/M2 are non-perturbative corrections of O(1/M2) to the infinite mass
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limit of HQET. Note that, according to Luke’s theorem [38], there are no O(1/M) cor-
rections at zero-recoil. One chooses the zero-recoil point because, for ω = 1, FB→D∗ can
be expressed in terms of a single form factor hA1 given by
〈D∗(v, ǫ′)|c¯γµγ5b|B(v)〉√
mBmD∗
= −2ihA1(1)ǫ′∗µ. (3.3)
This is in contrast with the general case ω > 1 for which FB→D∗(ω) is a linear com-
bination of several different form factors of B → D∗lν mediated by vector and axial
vector currents.
Several experiments, most recently by CLEO [39], have determined the product
[FB→D∗(1)|Vcb|]2 by measuring dΓB→D∗/dω and extrapolating it to the zero-recoil point.
The mixing parameter |Vcb| can then be extracted once the value FB→D∗(1) that en-
codes the strong interaction physics has been evaluated. The uncertainty in |Vcb| is
therefore determined by the experimental errors and by theoretical uncertainties in
the determination of FB→D∗(1). Presently, the theoretical uncertainties dominate.1
A model-independent way of calculating F(1) is provided by numerical lattice QCD
simulations. Recently, such calculations have been performed [40–43] for the decays
B → D(∗)lν using QQCD. Several systematic uncertainties, such as from statistics and
lattice space dependence, contribute to the error of these calculations. Another con-
tribution to the uncertainties comes from the chiral extrapolation of the light quark
mass. This extrapolation can be done by matching QQCD to QχPT and calculating
the non-analytic corrections δ1/M2 in Eq. (3.2) in QχPT. The formally dominant con-
tributions to these corrections come from the hyperfine mass splitting between the
heavy pseudoscalar and vector mesons that stems from the inclusion of heavy quark
symmetry breaking operators of O(1/M) in the Lagrangian.
In QCD, the corrections due to D meson hyperfine splitting have been calculated in
χPT by Randall and Wise [44]. A more complete treatment, involving additional cor-
rections due to B meson hyperfine splitting, O(1/M) axial vector coupling corrections,
and O(1/M) corrections to the current, has been given in [45]. Recently, the D meson
hyperfine splitting corrections have also been determined in PQχPT [46] for PQQCD.
In this chapter, we calculate the O(1/M2) corrections in Eq. (3.2) due to D and
B meson hyperfine splitting in QχPT. These corrections are—upon expanding in pow-
ers of the hyperfine splitting ∆—of order ΛQCD
3n/2/(Mnm
n/2
q ) for n ≥ 2 and for-
mally larger than those coming from the inclusion of O(1/M) heavy quark symmetry
breaking operators in the Lagrangian and current which are suppressed by powers of
ΛQCD/M . This argument is similar to the one that applies to χPT [36]. Our QχPT
calculation can be used to extrapolate lattice results [42] that use the quenched ap-
proximation down to the physical light quark masses. So far, this extrapolation has
1Similarly, one can use the decay B → Dlν to extract [FB→D(1)|Vcb|]
2 from the measured dΓB→D/dω.
However, dΓB→D/dω is more heavily suppressed by phase space near ω = 1 than dΓB→D∗/dω. In ad-
dition, the B → D channel is experimentally more challenging. Thus the extraction of |Vcb| from this
channel is less precise but serves as a consistency check.
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been based upon the χPT calculation [44]. Using QχPT should therefore give a better
estimate of the uncertainties related to the chiral extrapolation.
A central role in the lattice calculation of B → D∗ [42, 43] is played by the double
ratios of matrix elements
R+ = 〈D|c¯γ
0b|B〉〈B|b¯γ0c|D〉
〈D|c¯γ0c|D〉〈B|b¯γ0b|B〉 , (3.4)
R1 = 〈D
∗|c¯γ0b|B∗〉〈B∗|b¯γ0c|D∗〉
〈D∗|c¯γ0c|D∗〉〈B∗|b¯γ0b|B∗〉 , (3.5)
and
RA1 =
〈D∗|c¯γjγ5b|B〉〈B∗|b¯γjγ5c|D〉
〈D∗|c¯γjγ5c|D〉〈B∗|b¯γjγ5b|B〉
. (3.6)
In these ratios, statistical fluctuations are highly correlated and cancel to a large de-
gree. The O(1/M2) correction to the double ratios can therefore be calculated fairly
accurately and used to derive the O(1/M2) correction to the matrix elements them-
selves. For this reason, we also calculate O(1/M2) corrections to the decay B∗ → D∗
in addition to the experimentally accessible decays B → D and B → D∗, and thus the
corrections to R+, R1, and RA1.
3.2 Quenched Heavy Meson Chiral Perturbation Theory
TheD mesons with quantum numbers of cQ¯ can be written as a six-component vector
D = (Du,Dd,Ds,Du˜,Dd˜,Ds˜). (3.7)
Heavy quark symmetry is provided by combining creation and annihilation operators
for the pseudoscalar and vector mesons, D and D∗, respectively, together into the field
HD:
HD =
1 + v/
2
(D/∗ + iγ5D), (3.8)
H¯D = γ0HD†γ0 = (D/∗† + iγ5D†)
1 + v/
2
, (3.9)
where v denotes the velocity of a heavy meson. In HQET the momentum of a heavy
quark is only changed by a small residual momentum of O(ΛQCD). Hence, v is not
changed and H is usually denoted by an index v which we have dropped here to un-
clutter the formalism. In the heavy quark limit, the dynamics of the heavy mesons are
described by the Lagrangian [47,48]
LD = −i tr[H¯Da vµ(∂µδab + iV µba)HDb ] + g tr(H¯Da HDb γνγ5Aνba) + γ tr(H¯Da HDa γµγ5) strAµ
(3.10)
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where the traces tr() are over Dirac indices and supertraces str() over the flavor indices
are implicit. The additional coupling term involving Φ0 ∼ strAµ is a feature of QχPT
and not present in χPT. The light-meson fields are
Aµ =
i
2
(ξ†∂µξ − ξ∂µξ†) = − 1
f
∂µΦ+O(Φ3) (3.11)
and
Vµ =
i
2
(ξ†∂µξ + ξ∂µξ†) =
i
2f2
[Φ, ∂µΦ] +O(Φ4). (3.12)
Expanding the Lagrangian LD to lowest order in the meson fields leads to the (deriva-
tive) couplings DD∗∂φ and D∗D∗∂φ whose coupling constants are equal as a conse-
quence of heavy quark spin symmetry. At leading order in the 1/M expansion, the
DD∂φ coupling vanishes by parity.
An analogous formalism applies to the fields B and B∗ which are combined into
HB. Note that the axial coupling g is the same for HD and HB mesons at this order in
the 1/M expansion as dictated by heavy quark flavor symmetry.
We do not include terms of order mq ∼ √mπ in the Lagrangian as explicit chiral
symmetry breaking effects are suppressed compared to the leading corrections. The
presence of these terms is implied by the nonzero meson masses mqq.
3.3 Matrix Elements of B¯(∗) → D(∗)lν¯
The non-zero hadronic matrix elements for B(∗) → D(∗) can be defined in terms of the
16 independent form factors h±, hV , hA1,2,3 , and h1...10 as [36,49]
〈D(v′)|c¯γµb|B(v)〉√
mBmD
= h+(ω)(v + v
′)µ + h−(ω)(v − v′)µ, (3.13)
〈D∗(v′, ǫ′)|c¯γµb|B(v)〉√
mBmD∗
= −hV (ω)εµναβǫ′∗ν v′αvβ, (3.14)
〈D∗(v′, ǫ′)|c¯γµγ5b|B(v)〉√
mBmD∗
= −ihA1(ω)(ω + 1)ǫ′∗µ + ihA2(ω)(v · ǫ′∗)vµ + ihA3(ω)(v · ǫ′∗)v′µ,
(3.15)
〈D∗(v′, ǫ′)|c¯γµb|B∗(v, ǫ)〉√
mB∗mD∗
= −(ǫ′∗ · ǫ)[h1(ω)(v + v′)µ + h2(ω)(v − v′)µ] + h3(ω)(ǫ′∗ · v)ǫµ
+h4(ω)(ǫ · v′)ǫ′∗µ − (ǫ · v′)(ǫ′∗ · v)[h5(ω)vµ + h6(ω)v′µ],
(3.16)
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and
〈D∗(v′, ǫ′)|c¯γµγ5b|B∗(v, ǫ)〉√
mB∗mD∗
= iεµακδ
{
ǫ∗κǫδ
[
h7(ω)(v + v
′)µ + h8(ω)(v − v′)µ
]
+ v′αvβ
[
h9(ω)(ǫ
′∗ · v)ǫµ + h10(ω)(ǫ · v′)ǫ′∗µ
]}
.
(3.17)
Here, ω = v · v′ and v (ǫ) and v′ (ǫ′) are the velocities (polarization vectors) of the
initial state B(∗) meson and final state D(∗) meson, respectively. Note that we will
not explicitly calculate matrix elements of B∗ → D as these can be easily related to
the B → D∗ calculation by a Hermitian conjugation of the matrix elements and an
interchange of the c and b quarks, i.e., B(∗) ↔ D(∗).
In the heavy quark limit the matrix elements in Eqs. (3.13)–(3.17) are reproduced
by the operator
c¯γµ(1− γ5)b→ −ξ(ω)tr[H¯Dv′ γµ(1− γ5)HBv ]. (3.18)
Here, ξ(ω) is the universal Isgur-Wise function [50,51] with the normalization ξ(1) = 1.
To lowest order in the heavy quark expansion one finds
h+(ω) = hV (ω) = hA1(ω) = hA3(ω) = h1(ω) = h3(ω) = h4(ω) = h7(ω) = ξ(ω) (3.19)
and the remaining 8 form factors vanish.
The discussion of the B¯(∗) → D(∗)lν¯ matrix elements is similar for different flavors
of the light quark q content of the B(∗) and D(∗) mesons; it applies equally to q = u, d,
or s as the theory splits into three similar copies of a one-flavor theory. In the limit of
light quark SU(3)V flavor symmetry the matrix elements (and in particular the Isgur-
Wise function) are therefore independent of the light quark flavor. However, in nature
the masses of the u, d, and s quarks are different and SU(3)V is not an exact symmetry.
Therefore our results will include terms that depend upon mq via the meson masses
mqq defined in Eq. (2.38).
3.4 1/M2 Corrections
The lowest order heavy quark symmetry violating operator that can be in-
cluded in the Lagrangian LD in Eq. (3.10) is the dimension-three operator
(λD2/MD)tr
(
H¯a
D
σµνHDa σµν
)
. It violates heavy-quark spin and flavor symmetries and
comes from the QCD magnetic moment operator c¯σµνGAµνT
Ac, where GAµν is the gluon
field strength tensor and TA with A = 1, . . . , 8 are the eight color SU(3) generators.
This operator gives rise to a mass difference between the D and D∗ mesons of
∆D = mD∗ −mD = −8λD2
M¯D
. (3.20)
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Figure 3.1: Graphs contributing to wavefunction renormalization for heavy (a) pseudoscalar
and (b) vector mesons. A thin (thick) line denotes a heavy pseudoscalar (vector) meson, a
dashed line denotes the Φ0, while a dashed-crossed line denotes the insertion of a hairpin. A
full (empty) vertex denotes a g (γ) coupling.
This effect can be taken into account by modifying the D and D∗ propagators which
become
iδab
2(v · k + 3∆D/4 + iǫ) and
−iδab(gµν − vµvν)
2(v · k −∆D/4 + iǫ) , (3.21)
respectively, so that in the rest frame, where v = (1, 0, 0, 0), an on-shell D has residual
energy of −3∆D/4 and an on-shell D∗ has residual energy of ∆D/4. A similar effect
due to the inclusion of a QCD magnetic moment operator for the b quark applies to the
B(∗) mesons.
There are no corrections to the matrix elements for the semileptonic decays B(∗) →
D(∗)eν of O(1/M) at zero-recoil according to Luke’s theorem [38]. The leading correc-
tions enter at O(1/M2). In addition to tree-level contributions from the insertion of
O(1/M2) suppressed operators into the heavy quark Lagrangian or the current there
are one-loop contributions from wave function renormalization and vertex correction.
These one-loop diagrams have a non-analytic dependence on the meson mass mqq and
depend on the subtraction point µ. This dependence on µ is canceled by the tree-level
contribution of the O(1/M2) operators.
Because of the absence of disconnected quark loops in QQCD, which manifests it-
self as a cancellation between intermediate pseudo Goldstone bosons and pseudo Gold-
stone fermions in loops in QχPT, the only loop diagrams that survive are those that
contain a hairpin interaction or a γ coupling [see Eq. (3.10)].
The wave function renormalization contributions for the pseudoscalar and vec-
tor meson, ZD/B and Z
∗
D/B , respectively, come from the one-loop diagrams shown in
Fig. 3.1 and have been calculated in [35, 47, 48]. Including the α coupling we find, for
these diagrams,
Z = 1 +
ig2µ20
f2
H1(∆)− ig
2α
f2
H2(∆) +
6iγg
f2
F1(∆) (3.22)
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Figure 3.2: QχPT graphs which contribute to the vertex correction of the form factors (a) h+(1),
(b) hA1(1), and (c) h1(1). A full (empty) square denotes the insertion of the operator c¯γ
µγ5b
(c¯γµb).
and
Z∗ = 1 +
ig2µ20
3f2
H1(−∆)− ig
2α
3f2
H2(−∆) + 2iγg
f2
F1(−∆)
+
2ig2µ20
3f2
H1(0) − 2ig
2α
3f2
H2(0) +
4iγg
f2
F1(0). (3.23)
The functions H1, H2, and F1 come from loop integrals and are given in Appendix B.
Note that in the heavy quark limit where ∆ = 0 one recovers Z = Z∗, as required by
heavy quark symmetry.
The vertex corrections come from one-loop diagrams. The non-vanishing contribu-
tions are shown in Fig. 3.2. Combining the wave function renormalization and vertex
corrections and including a local counterterm to cancel the dependence on the renor-
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malization scale µ, we find the following corrections for the form factors:
δh+(1) = X+(µ) +
ZB − 1
2
+
ZD − 1
2
− ig
2
f2
[
µ20H5(∆B,∆D)− αH8(∆B ,∆D)
]− 6igγ
f2
G5(∆B ,∆D)
→ X+(µ) + 1
(4πf)2
(
g2µ20
3m2
−
[
g2α
3
− 2gγ
]
log
m2
µ2
)
(∆B −∆D)2
+O({∆B ,∆D}3), (3.24)
δhA1(1) = XA1(µ) +
ZB − 1
2
+
Z∗D − 1
2
− ig
2
3f2
[
µ20H5(∆B ,−∆D)− αH8(∆B ,−∆D)
]− 2igγ
f2
G5(∆B ,−∆D)
−2ig
2
3f2
[
µ20H5(∆B , 0)− αH8(∆B, 0)
] − 4igγ
f2
G5(∆B , 0)
→ XA1(µ) +
1
(4πf)2
(
g2µ20
9m2
−
[
g2α
9
− 2gγ
3
]
log
m2
µ2
)(
3∆2B +∆
2
D + 2∆B∆D
)
+O({∆B ,∆D}3), (3.25)
and
δh1(1) = X1(µ) +
Z∗B − 1
2
+
Z∗D − 1
2
− ig
2
3f2
[
µ20H5(−∆B ,−∆D)− αH8(−∆B,−∆D)
]− 2igγ
f2
G5(−∆B,−∆D)
−2ig
2
3f2
[
µ20H5(0, 0) − αH8(0, 0)
] − 4igγ
f2
G5(0, 0)
→ X1(µ) + 1
(4πf)2
(
g2µ20
9m2
−
[
g2α
9
− 2gγ
3
]
log
m2
µ2
)
(∆B −∆D)2
+O({∆B ,∆D}3), (3.26)
which are defined by h+(1) = 1+ δh+(1) and analog expressions for δhA1(1) and δh1(1).
The functions H5, H8, and G5 come from loop-integrals that are listed in Appendix B
and we have defined m = mqq. The insertions of tree-level O(1/M2) operators are
represented by the functions X+(µ), XA1(µ), and X1(µ) which are independent of m
and exactly cancel the µ dependence of the logarithm. These functions can be extracted
from lattice simulations by measuring the zero-recoil form factors for a varying mass
of the light quark.
Experimentally, ∆D ≈ 142MeV and ∆B ≈ 46MeV so that the ratios ∆D/m and
∆B/m, which enter the form factor corrections through the function R(∆/m) (defined
29
in Appendix B), are O(1). On the lattice, however, one can vary all quark masses. Ex-
panding first in powers of∆ and then taking the chiral limitm→ 0 one finds the formal
limits given in Eqs. (3.24)–(3.26) where we have only kept the pieces non-analytic inm.
This demonstrates that the terms linear in∆D and∆B, although present in wave func-
tion renormalization and vertex corrections, cancel as required by Luke’s theorem [38].
The leading order corrections are O({∆B ,∆D}2).
As a consistency check one can restore heavy quark flavor symmetry by taking
∆B = ∆D. Since the O(1/M2) corrections to h+(1) and h1(1) are proportional to (∆B −
∆D)
2 they disappear as they should since the charge associated with the operators c¯γµc
and b¯γµb is conserved. This argument does not apply for the B → D∗ transition matrix
element in the limit∆B = ∆D since there is no conserved axial charge associated with
the operators c¯γµγ5c and b¯γµγ5b.
In the chiral limit, the term proportional to µ20 has a 1/m
2 singularity and domi-
nates over the terms proportional to α and γ that are only logarithmically divergent.
This is analogous to a term of the form (m2qq − m2jj)/m2qq found by Savage [46] for
PQχPT (here, mqq and mjj are valence and sea quark masses, respectively). In the
limit mjj → mqq this term, however, vanishes as PQχPT goes to χPT where the dom-
inant term is logmqq. In QχPT, on the other hand, the 1/m
2
qq pole persists, revealing
the sickness of QQCD where the hairpin interactions give a completely different chiral
behavior than in QCD.
The size of µ0 can be estimated from the η-η
′ mass splitting [18], large NC ar-
guments [52, 53] (NC being the number of colors), or lattice calculations. These es-
timates imply µ0 ≈ 500 − 900MeV; for the purpose of dimensional analysis we use
µ0 ∼ O(ΛQCD). Taking g ∼ O(1) we therefore find that δh+, δhA1 , and δh1 are of order
∆n/mn ∼ ΛQCD3n/2/(Mnmn/2q ) for n ≥ 2 and thus larger than tree-level heavy quark
symmetry breaking operators that are suppressed by ΛQCD/M .
To show the dependence of the zero-recoil form factors on the mass of the light
spectator quark it is necessary to know the numerical values of the parameters µ0, g,
α, and γ. In determining reasonable values for these couplings we follow the discussion
by Sharpe and Zhang [48]. Assuming that g is similar to the χPT value we use g2 = 0.4.
The hairpin coupling α is proportional to 1/NC , and thus assumed to be small; we use
two values, α = 0 and α = 0.7. The coupling γ is known to be suppressed by 1/NC
compared to g, the sign is undetermined. We take −g ≤ γ ≤ g (see [48] and references
therein).
With these parameters, the dependence of h+(1) and hA1(1) on the mass of the
light spectator quark mq is show in Figs. 3.3 and 3.4, respectively. The graphs are
plotted againstmq in units of the strange quark massms withmq/ms = m
2/m2ηs where
m2ηs = 2m
2
K . The behavior of h+(1) in QχPT is dominated at small m by the 1/m
2 pole
that is non-existent in χPT. Lattice calculations of h+(1) [41] show a small downward
trend for decreasing mq down to the chiral limit that is similar to the downward trend
seen from the χPT calculation (dashed line). The same behavior (down to mq ≈ 0.1ms)
can also be seen for QχPT for a certain choice of parameters (e.g., γ positive). The
30
0 0.2 0.4 0.6 0.8 1
mq/ms
-0.02
-0.01
0
0.01
0.02
h +
(1)
(m
)-h
+
(1)
(m
η s
)
χPT
QχPT, α=0
QχPT, α=0.7
γ=-g
γ=0
γ=g
Figure 3.3: Dependence of h+(1) on the massmq of the light spectator quark in QχPT. For com-
parison, the χPT result from [44] is also shown (dashed line). The result has been normalized
to unity for mq = ms. We have chosen µ0 = 700MeV and g
2 = 0.4.
case of hA1(1) is different as there is a pole at m = ∆D which is close to the physical
pion mass. Here, both D∗ and π can be on-shell and the decay B → D∗π becomes
kinematically allowed. Lattice calculations of hA1(1) [42] for mq = (0.6 . . . 1)ms show a
small downward trend for decreasing mq similar to the downward trend seen from the
χPT calculation (dashed line in Fig. 3.4). A similar trend down to mq ≈ 0.2ms can also
be seen in the QχPT calculation for a relatively large positive value of γ.
Although the downward trend in the lattice data for the two cases seems significant
as the statistical errors are highly correlated, the uncertainty is still relatively high
(typically ±0.01) and the existing lattice data can be accommodated by a wide range of
values for the parameters in the QχPT Lagrangian.
As can be seen in the figures, the variation of the quenched result is primarily due
to the parameter γ as the sensitivity of the result to the value of α is very small. We
have also checked how the result depends on the parameter g in the reasonable range
0.1 < g2 < 0.5 and found that the change from the value g2 = 0.4 is at most 25% for
g2 = 0.5, still well within the statistical errors of the lattice data.
Finally, we calculate the double ratios defined in Eqs. (3.4)–(3.6) using the results
in Eqs. (3.24)–(3.26). We find
R+ = 1 + 2δh+(1), (3.27)
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Figure 3.4: Dependence of hA1(1) on the mass of the light spectator quark in QχPT. The dashed
line denotes the χPT result [44]. The numerical values for the parameters are those used in
Fig. 3.3.
R1 = 1 + 2δh1(1), (3.28)
and
RA1 = 1 + X˜A1(µ)
− ig
2
3f2
{
µ20 [H5(∆B ,−∆D) +H5(∆D,−∆B)−H5(∆D,−∆D)−H5(∆B ,−∆B)]
− α [H8(∆B,−∆D) +H8(∆D,−∆B)−H8(∆D,−∆D)−H8(∆B ,−∆B)]}
−2igγ
f2
[G5(∆B ,−∆D) +G5(∆D,−∆B)−G5(∆D,−∆D)−G5(∆B ,−∆B)]
→ 1 + X˜A1(µ)−
1
(4πf)2
(
2g2µ20
9m2
−
[
2g2α
9
− 4gγ
3
]
log
m2
µ2
)
(∆B −∆D)2
+O({∆B ,∆D}3), (3.29)
where X˜A1(µ) is the counterterm associated with RA1.
3.5 Conclusions
Knowledge of the B(∗) → D(∗) form factors at the zero-recoil point is crucial to ex-
tract the value of Vcb from experiment. In the limit that the heavy quarks are
32
infinitely heavy, HQET predicts that the form factors h+, hA1 , and h1 are equal,
h+(1) = hA1(1) = h1(1) = ξ(1). The formally dominant correction due to breaking of
heavy quark symmetry comes from the inclusion of a O(1/M) dimension-three opera-
tor in the Lagrangian that leads to hyperfine-splitting between the heavy pseudoscalar
and vector mesons. These leading order corrections are O({∆B ,∆D}2 as required by
Luke’s theorem.
Recent lattice simulations using the quenched approximation of QCD have made
a big step forward in determining these zero-recoil form factors. Presently, however,
the simulations use light quark masses that are much heavier than the physical ones
and therefore rely on a chiral extrapolation down to the physical quark masses. In this
chapter we have calculated the dominant corrections to the form factors h+, hA1 , and
h1 in QχPT and determined the non-analytic dependence on the light quark masses
via the light meson massesmqq. Using these results, instead of the χPT calculation, to
extrapolate the QQCD lattice measurements of these form factors down to the physical
pion mass should give a more reliable estimate of the errors associated with the chiral
extrapolation. We have also calculated the corrections to certain double ratios that are
used in lattice QCD calculations of the decay B → D∗.
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Chapter 4
HMχPT in a Finite Volume
In this chapter, we study finite volume effects in heavy quark systems in the frame-
work of heavy meson chiral perturbation theory (HMχPT) for QCD, QQCD, and
PQQCD. A novel feature of this investigation is the role played by the scales ∆ and
δs, where ∆ is the mass difference between the heavy-light vector and pseudoscalar
mesons of the same quark content, and δs is the difference of the masses of the u and
d, and the mass of the s quark that is due to light flavour SU(3) breaking. The primary
conclusion of this chapter is that finite volume effects arising from the propagation of
Goldstone mesons in the effective theory can be altered by the presence of these scales.
Since ∆ varies significantly with the heavy quark mass, these volume effects can be
amplified in both heavy and light quark mass extrapolations.
As an explicit example, we present results for B parameters of neutral B meson
mixing matrix elements and heavy-light decay constants to one-loop order in finite
volume HMχPT for full, quenched, and Nf = 2 + 1 partially quenched QCD. Our cal-
culation shows that for high-precision determinations of the phenomenologically in-
teresting SU(3) breaking ratios, finite volume effects are significant in QQCD and not
negligible in PQQCD, although they are generally small in QCD.
4.1 Introduction
Numerical calculations of hadronic properties using LQCD have provided significant
inputs to particle physics phenomenology. In particular, the joint effort between ex-
periment and theory to investigate the unitarity triangle in the CKM matrix from
B meson decays and mixing has made impressive progress [54], in which LQCD has
played an important role. Nevertheless, current lattice calculations are still subject to
various systematic errors. In this chapter, we address finite volume effects which arise
in lattice calculations for heavy-light meson systems from the light degrees of freedom.
Our framework is HMχPT with first order 1/M and chiral corrections. We assume the
mass hierarchy
mQQ′ ≪ Λχ ≪M, (4.1)
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where mQQ′ is the mass of any Goldstone meson given in Eqs. (2.20) and (2.38) andM
is the mass of the heavy-light meson. Under this assumption, we discard corrections
of the size
mQQ′
M
. (4.2)
Concerning the finite volume, we work with the condition that
mQQ′L≫ 1, (4.3)
where L is the spatial extent of the cubic box. Therefore, given that fπL/
√
2 (fπ ≈
132 MeV) will be close to one in lattice simulations in the near future, one can still
neglect the chiral symmetry restoration effects resulting from the Goldstone zero mo-
mentum modes [55,56] when Eq. (4.3) is satisfied.
The main task of this work is to study the volume effects due to the presence of the
scales
∆ =MP ∗ −MP , (4.4)
and
δs =MPs −MP , (4.5)
where P ∗ and P are the heavy-light vector and pseudoscalar mesons containing a u or
d anti-quark,1and Ps is the heavy-light pseudoscalar meson with an s anti-quark. The
scale ∆ appears due to the breaking of heavy quark spin symmetry that is of O(1/M)
and δs comes from light flavour SU(3) breaking in the heavy-light meson masses. Un-
der the assumption of Eq. (4.1), ∆ is independent of the light quark mass, and δs does
not contain any 1/M corrections, at the order we are working.
In the real world, both ∆ and δs are not very different from the pion mass. In
fact [1], MBs − MB = 91 MeV, MDs − MD = 104 MeV, MB∗ − MB = 46 MeV, and
MD∗ −MD = 142 MeV. In current lattice simulations, these mass splittings vary be-
tween 0 and ∼ 150 MeV. Therefore it is important to include them in the investigation
of finite volume effects. Equation (4.3) implies that the Compton wavelength of the
Goldstone meson is small compared to the size of the box. Therefore finite volume
effects mainly result from the propagation of the Goldstone mesons to the boundary.
However, as shown in Section 4.3, ∆ and δs can, in a non-trivial way, alter these effects.
In particular, since ∆ varies with the heavy quark mass, finite volume effects can be
significantly amplified in heavy quark mass extrapolations.
This chapter is organized as follows. In Section 4.2 we summarize the ingredients
of HMχPT relevant to this work. We mainly expand the treatment in Section 3.2 to
the partially quenched case. Section 4.3 is devoted to the discussion of HMχPT in fi-
nite volume, emphasising the role played by δs and ∆. We then present an explicit
calculation of neutral B meson mixing and heavy-light decay constants in Section 4.4
and discuss the phenomenological impact that finite volume effects can have. We con-
clude in Section 4.5. Some mathematical formulae and results are summarized in
Appendix C.
1We work in the isospin limit.
35
4.2 Partially Quenched Heavy Meson Chiral Perturbation
Theory
The chiral Lagrangian for the Goldstone mesons in the three theories QCD, QQCD,
and PQQCD has been discussed in detail in Chapter 2 and we will not repeat it here.
The inclusion of the heavy-light mesons into the quenched version of HMχPT has been
discussed in Section 3.2. Here we will expand this discussion and also include the
cases of QCD and PQQCD.
HMχPT was first proposed in Refs. [57–59], with the generalization to quenched
and partially quenched theories given in Refs. [47,48]. The 1/M and chiral corrections
were studied by Boyd and Grinstein [60] in QCD and by Booth [35] in QQCD. The
spinor field appearing in this effective theory is
H(Q)a =
1 + v/
2
(
P ∗(Q)a,µ γ
µ − P (Q)a γ5
)
, (4.6)
where P
(Q)
a and P
∗(Q)
a,µ annihilate pseudoscalar and vector mesons containing a heavy
quark Q and a light anti-quark of flavour a.
The HMχPT Lagrangian, to lowest order in the chiral and 1/M expansion, for D
mesons containing a heavy quark c and a light anti-quark of flavour a is then given
in Eq. (3.10). The Lagrangian for a heavy B meson containing a b quark is analogous.
In QCD, the term proportional to γ is non-existent as the η′ is integrated out. We do
not formally distinguish the coupling g in the three theories with the understanding
that the numerical values are different. The HMχPT Lagrangian for mesons contain-
ing a heavy anti-quark Q¯ and a light quark of flavour a is obtained by applying the
charge conjugation operation to the Lagrangian in Eq. (3.10) [61]. At this order, the
propagators for P
(Q)
a and P
∗(Q)
a mesons are
i
2(v · k + iǫ) and
−i(gµν − vµvν)
2(v · k + iǫ) , (4.7)
respectively.
The effects of chiral and heavy quark symmetry breaking have been systemati-
cally studied in full [60] and quenched [35] HMχPT. Amongst them, the only relevant
feature necessary for the purpose of this work, i.e., the investigation of finite volume
effects, are the shifts to the masses of the heavy-light mesons. These shifts are from
the heavy quark spin breaking term
λ2
M
trD
(
H¯(Q)a σµνH
(Q)
a σ
µν
)
, (4.8)
and the chiral symmetry breaking terms
λ1B0trD
(
H¯(Q)a
[
ξmQξ + ξ
†MQξ†
]
ab
H
(Q)
b
)
+ λ′1B0trD
(
H¯(Q)a H
(Q)
a
) [
ξmQξ + ξ
†mQξ†
]
bb
.
(4.9)
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We choose to work with the effective theory in which the heavy-light pseudoscalar
mesons that contain a heavy quark and a u or d valence anti-quark are massless.
Notice that the term proportional to λ′1 in Eq. (4.9) causes a universal shift to all the
heavy-light meson masses. This means that the masses appearing in the propagators
of heavy vector mesons and any meson containing an s anti-quark (valence or ghost)
are shifted as follows:
−i(gµν − vµvν)
2(v · k −∆+ iǫ) ,
i
2(v · k − δs + iǫ) , and
−i(gµν − vµvν)
2(v · k −∆− δs + iǫ) , (4.10)
for P ∗, Ps, and P ∗s , respectively. The mass shifts can be written in terms of the cou-
plings in Eqs. (4.8) and (4.9), ∆ = −8λ2/M , and
δs = 2λ1B0(ms −mu). (4.11)
In PQQCD, there are two additional mass shifts because the sea quarks have dif-
ferent masses from the valence and ghost quarks:
δ˜s =MP˜s −MP˜ = 2λ1B0(mr −mj), (4.12)
and
δsea =MP˜ −MP = 2λ1B0(mj −mu). (4.13)
where P˜ (P˜s) is the heavy-light pseudoscalar meson with a d (s) sea anti-quark. The
propagators of the heavy mesons containing sea anti-quarks are:
i
2(v · k − δsea + iǫ) ,
−i(gµν − vµvν)
2(v · k −∆− δsea + iǫ) , (4.14)
i
2(v · k − δsea − δ˜s + iǫ)
, and
−i(gµν − vµvν)
2(v · k −∆− δsea − δ˜s + iǫ)
(4.15)
for P˜ , P˜ ∗ (vector meson with a d sea anti-quark), P˜s, and P˜ ∗s (vector meson with an s
sea anti-quark), respectively.
4.3 Finite Volume Effects
In this section, we discuss generic features of finite volume effects in HMχPT. For
clarity, we use the symbol ∆ for one of (∆, δs, δ˜s, δsea) or any sum amongst them.
In the limit where the heavy quarkmass goes to infinity and the light quarkmasses
are equal, all the heavy mesons in HMχPT become on-shell static sources, and there is
a velocity superselection rule when the momentum transfer involved in the scattering
of the heavy meson system is fixed [62]. For illustration, consider the vertex with cou-
pling g in the Lagrangian in Eq. (3.10). The heavy-light meson P can scatter into P ∗(s)
by emitting a Goldstone meson with mass mQQ′ through this vertex. The momenta of
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the mesons P and P ∗(s) are MP vµ, and MP ∗(s)vµ + kµ = MP vµ + kµ, where the velocity
vµ = (1, 0, 0, 0) in the rest frame of the heavy mesons, and kµ is the soft momentum
carried by the Goldstone meson. The infinitely heavy P and P ∗(s) mesons do not prop-
agate in space. Therefore, when such a system is in a cubic spatial box, finite volume
effects result entirely from the propagation of the Goldstone meson to the boundary
with momentum k ∼ mQQ′ . In this case the volume effects behave like exp (−mQQ′L)
multiplied by a polynomial in 1/L.
The breaking of heavy quark spin and SU(3) light flavour symmetries in HMχPT
can induce a mass difference MP ∗
(s)
= MP + ∆, which complicates the above picture.
In this scenario, the P ∗(s) is still regarded as a static source, but it is off-shell with
the virtuality ∆. The period during which the Goldstone meson can propagate to the
boundary is limited by the time uncertainty conjugate to this virtuality, i.e.,
δt ∼ 1
∆
. (4.16)
This means that finite volume effects, which arise from the propagation of the Gold-
stone mesons in such a system, will decrease as ∆ increases. Eq. (4.16) also indicates
that the suppression of the volume effects by a non-zero ∆ is controlled by the param-
eter
mQQ′
∆
. (4.17)
To see explicitly how this phenomenon appears in a calculation, we consider a typ-
ical sum in one-loop HMχPT, with a Goldstone propagator and a heavy-light vector
meson propagator in the loop, in a cubic box with periodic boundary conditions:
J (m,∆) = −i 1
L3
∑
~k
∫
dk0
2π
1
(k2 −m2 + iǫ)(v · k −∆+ iǫ) , (4.18)
where the spatial momentum ~k is quantized in finite volume as ~k = (2π/L)~i, with ~i
being a three dimensional integer vector. Using the Poisson summation formula, it is
straightforward to show that J (m,∆) = J(m,∆) + JFV(m,∆), where
J(m,∆) = −i
∫
d4k
(2π)4
1
(k2 −m2 + iǫ)(v · k −∆+ iǫ) , (4.19)
is the infinite volume limit of J (m,∆), and
JFV(m,∆) =
1
4π2
∑
~n 6=~0
∫ ∞
0
d|~k| |
~k|
ω(ω +∆)
sin(|~k||~n|L)
|~n|L , (4.20)
with ω =
√
|~k|2 +m2, is the finite volume correction to J(m,∆). In the asymptotic limit
where mL≫ 1 it can be shown that (with n = |~n|)
JFV(m,∆) =
∑
~n 6=~0
1
8πnL
exp(−nmL)A, (4.21)
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where
A = exp(z2)[1− erf(z)] + 1
nmL
[
1√
π
(
z
4
− z
3
2
)
+
z4
2
exp(z2)[1− erf(z)]
]
− 1
(nmL)2
[
1√
π
(
9z
64
− 5z
3
32
+
7z5
16
+
z7
8
)
−
(
z6
2
+
z8
8
)
exp(z2)[1− erf(z)]
]
+O
(
1
(nmL)3
)
, (4.22)
with
z =
∆
m
√
nmL
2
. (4.23)
The quantity A is the alteration of finite volume effects due to the presence of a non-
zero ∆. It multiplies the factor exp(−nmL), which results from the propagation of the
Goldstone meson to the boundary. It is possible to analytically compute the higher
order corrections of A in powers of 1/(nmL). This way, one can achieve any desired
numerical precision. Here it is clear that this alteration of volume effects is controlled
by the ratio in Eq. (4.17).
Next, we consider different limits ofA at fixedm and L. When∆ = 0, clearly A = 1.
If ∆ is very small compared to m, such that z ≪ 1, A is dominated by the [1/(mL)]0
term, i.e., A ≈ exp(z2)[1 − erf(z)]. Since erf(z) grows much faster than exp(z2) in this
regime, A will decrease as ∆ increases. When ∆ is of O(m) or larger, z ≫ 1, and
one can perform an asymptotic expansion of the error function. It can be shown that
in this situation, A ∼ 1/z. That is, A also decreases as ∆ increases. We have also
numerically checked that this is true when z ≈ 1. This means that the asymptotic
formula in Eq. (4.21) reproduces the physical picture outlined in the beginning of this
section for any∆. To demonstrate how fast the asymptotic form in Eq. (4.22) converges
to Eq. (4.20), we define
dJFV(m,∆) =
JFV
num(m,∆)− JFVasymp(m,∆)
JFV
num(m,∆)
, (4.24)
where JFV
num is the function JFV evaluated numerically [Eq. (4.20)], and JFV
asymp is
the asymptotic form in Eq. (4.22). In Fig. 4.1, we plot dJFV as a function of m with
three choices of ∆. It is clear from this plot that JFV is approximated well (to ≤ 3%)
by the asymptotic form when mL ≥ 2.5. We use the asymptotic forms for integrals
of this type throughout this work. Also, in this paper we only include the terms with
|~n| = 1,√2, √3, √4, and√5 in the Poisson summation formula. We have confirmed that
truncating the sum at |~n| = √5 is a very good approximation (to ∼ 3%) whenmL ≥ 2.5.
The function JFV(m,∆) is plotted against m in Fig. 4.2, with L = 2.5 fm and three
choices of ∆. It is clear from this plot that ∆ can significantly alter the finite volume
effects in J (m,∆).
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Figure 4.1: dJFV(m,∆) plotted against m for three different ∆. This function indicates the
deviation (in percent) of the asymptotic form of JFV from the definition in Eq. (4.20). In this
plot, L =2.5 fm andm = 0.197GeV corresponds tomL = 2.5whereasm = 0.32GeV corresponds
to mL = 4. The curve for ∆ = 0.1 GeV is hidden by that for ∆ = 0.2 GeV.
Another typical sum that appears in one-loop HMχPT in finite volume is
K(m,∆) = − i
L3
∑
~k
∫
dk0
2π
1
(k2 −m2 + iǫ)(v · k −∆+ iǫ)2 . (4.25)
It is straightforward to show that K(m,∆) = K(m,∆) +KFV(m,∆), where
K(m,∆) =
∂
∂∆
J(m,∆) (4.26)
is the infinite volume limit of K(m,∆) and
KFV(m,∆) =
∂
∂∆
JFV(m,∆) (4.27)
is the finite volume correction to K(m,∆). The function KFV(m,∆) is plotted against
m in Fig. 4.3, with L = 2.5 fm and three choices of ∆. As expected, |KFV(m,∆)| also
decreases when ∆ increases at fixed m and L.
4.4 Neutral B Mixing and Heavy-Light Decay Constants
The study of neutral B meson mixing allows the extraction of the magnitude of the
CKM matrix element Vtd, and hence the determination of one of the sides of the uni-
tarity triangle. The frequency of the Bd−B¯d oscillations, which is given by the mass
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Figure 4.2: JFV(m,∆) plotted as a function of m, for three different∆. Again, L =2.5 fm.
difference, ∆md, in this mixing system has been well measured by various experimen-
tal collaborations [54]. It is also calculable in the standard model via an operator prod-
uct expansion in which the top quark andW boson are integrated out. Resumming the
next-to-leading order (NLO) short-distance QCD effects, one obtains
∆md =
GF
8π2
M2W |VtdV ∗tb|2ηBS0(xt)CB(µ)
|〈B¯d|O∆B=2d (µ)|Bd〉|
2MB
, (4.28)
where µ is the renormalisation scale, xt = m
2
t/M
2
W , and S0(xt) ≈ 0.784x0.76t (to better
than 1%) is the relevant Inami-Lim function [63]. The coefficients ηB = 0.55 and CB(µ)
are from short-distance QCD effects [64, 65]. The matrix element of the four-quark
operator
O∆B=2d = [b¯γµ(1− γ5)d][b¯γµ(1− γ5)d] (4.29)
between Bd and B¯d states contains all the long-distance QCD effects in Eq. (4.28), and
has to be calculated non-perturbatively. Since |Vtb| = 1 to good accuracy and ∆md has
been well measured, a high-precision calculation of 〈B¯d|O∆B=2d (µ)|Bd〉 enables a clean
determination of |Vtd|.
The frequency of the rapid Bs−B¯s oscillations can be precisely measured at the
Tevatron and LHC [54]. Therefore an alternative approach is to consider the ratio
∆ms
∆md
=
∣∣∣∣VtsVtd
∣∣∣∣
2 MBd
MBs
∣∣∣∣ 〈B¯s|O∆B=2s |Bs〉〈B¯d|O∆B=2d |Bd〉
∣∣∣∣ , (4.30)
in which many theoretical uncertainties cancel. Here ∆ms is the mass difference in
the Bs−B¯s system and O∆B=2s = [b¯γµ(1 − γ5)s][b¯γµ(1 − γ5)s]. The unitarity of the CKM
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Figure 4.3: KFV(m,∆) plotted as a function of m for three different∆. Again, L = 2.5 fm.
matrix implies |Vts| ≈ |Vcb| to a few percent, and |Vcb| can be precisely extracted by
analysing semileptonic B decays [54]. Therefore a clean measurement of ∆ms/∆md
will yield an accurate determination of |Vtd|.
The matrix elements in Eq. (4.30) are conventionally parameterized as
〈B¯q|O∆S=2q |Bq〉 =
8
3
M2Bqf
2
BqBBq (µ), (4.31)
where the parameter BBq measures the deviation from the vacuum-saturation approx-
imation of the matrix element, and q = d or s. The decay constant fBq is defined by
〈0|b¯γµγ5q|Bq(~p)〉 = ipµfBq . (4.32)
LQCD provides a reliable tool for calculating these non-perturbative QCD quanti-
ties from first principles.2 Since ∆ms/∆md will be measured to very good accuracy,
it is important to have clean theoretical calculations for [the SU(3) breaking ratios
of] the matrix elements, decay constants and B parameters involved. Current lattice
calculations have to be combined with effective theories in order to obtain these ma-
trix elements at the physical quark masses. This procedure can introduce significant
systematic errors and dominate the uncertainties in the SU(3) breaking ratio [75,76]
ξ =
fBs
√
BBs
fB
√
BB
, (4.33)
2Some selected reviews in the long history of lattice calculations for the B mixing system can be found
in Refs. [66–74].
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Figure 4.4: Wave-function renormalization diagrams for heavy-light mesons
which is the key theoretical input for future high-precision determination of |Vtd| via
the study of neutral B mixing.3 However, the use of effective theory also offers a
framework for studying finite volume effects in lattice calculations [18,26,77–89]. We
will demonstrate in this section that finite volume effects might turn out to exceed the
current quoted systematic errors for quantities such as ξ.
4.4.1 One-Loop Calculation in a Finite Volume
Here, we discuss one-loop calculations for theB parameters and heavy-light decay con-
stants mentioned above in finite volume HMχPT including the appropriate mass shifts
to the first non-trivial order of the chiral and 1/M expansion. The inclusion of other
first-order corrections in these quantities is straightforward. It simply introduces ad-
ditional low-energy constants (LECs) which account for short-distance physics and do
not give rise to finite volume effects at this order, so we will not discuss this issue here.
We have performed the calculation for QCD, QQCD and PQQCD with the mass shifts
given in Eqs. (4.10)–(4.15).
For the purpose of this work, the axial current b¯γµγ5qa is
Aµ =
κ
2
trD
[
γµγ5H
(Q)
b ξ
†b
a
]
, (4.34)
and the four-quark operator O∆Pa=2 (when Pa = Bd,s, O∆Pa=2 becomes O∆B=2d,s ) is
Oaa = 4β
[(
ξP ∗(Q)†µ
)a (
ξP ∗(Q¯)µ
)a
+
(
ξP (Q)†
)a (
ξP (Q¯)
)a]
(4.35)
in HMχPT [61], where κ and β are the low-energy constants which have to be deter-
mined from experiments or lattice calculations. Notice that the index a in Eq. (4.35)
is not summed over. Again, the inclusion of the chiral and 1/MP corrections in these
operators simply introduces additional LECs and we do not investigate this aspect
here. We assume that κ and β are the same in QCD, QQCD, and PQQCD. Also, Aµ and
Oaa can couple to the η′ in QQCD, but the couplings are 1/Nc suppressed [48], and we
neglect them.
The diagrams contributing to fP(s) and BP(s) are presented in Figs. 4.4–4.6. Note
that only diagrams with an intermediate heavy meson depend on the heavy meson
mass shifts.
3Notice that the symbol ξ as defined in Eq. (4.33) is in the traditional notation in B physics, and has
nothing to do with the Goldstone field ξ.
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Figure 4.5: Diagrams contributing to the one-loop calculation of decay constants. The thin
(thick) solid lines are the heavy-light pseudoscalar (vector) mesons. The dashed lines are
Goldstone mesons, and the crosses are the “double poles” which appear in (P)QχPT. The open
squares are the operators defined in Eq. (4.34) and the dots are vertices from the HMχPT
Lagrangian.

Figure 4.6: Diagrams contributing to the one-loop calculation of the B parameters. The open
circles are the operators defined in Eq. (4.35).
Although this is the first one-loop calculation for these decay constants and B pa-
rameters in finite volume, some results in the infinite volume limit already exist in the
literature: fP(s) have been calculated at the lowest order in QCD [61], QQCD [47,48],
and PQQCD [48], and up to first-order corrections in the chiral and 1/M expansions
in QCD [60] and QQCD [35]. The B parameters have been calculated only at lowest
order [48,61]. Our results, as presented in Appendix C.2, agree with all these previous
calculations in the appropriate limits.
4.4.2 Phenomenological Impact
We have used the one-loop results in Appendix C.2 to investigate the impact of finite
volume effects on ξ. In this work, we only intend to estimate the possible size of errors
in this quantity, and will leave the actual comparison with lattice data to a future
publication. Following the usual procedure in lattice calculations for ξ, we study two
SU(3) breaking ratios
ξf =
fBs
fB
(4.36)
and
ξB =
BBs
BB
, (4.37)
in terms of which, ξ = ξf
√
ξB . Furthermore, we define (ξf )FV and (ξB)FV to be the
contributions from finite volume effects, i.e., those from the volume-dependent part
in the one-loop results presented in Subsection 4.4.1. To be more precise, we use the
formulae collected in Appendix C.2 to calculate the volume corrections with respect
to the lowest-order values of fBs (BBs) and fB (BB), then take the difference between
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the results as an estimate of (ξf )FV [(ξB)FV]. Since these SU(3) ratios are not very
different from unity (at most ∼ 20%), this is a reasonable estimate of these effects.
Traditionally, many quenched lattice simulations of BB(s) and fB(s) were performed
using L ∼ 1.6 fm. Therefore we present our estimate for finite volume effects in QQCD
with this box size. For comparison, we adopt the same volume for QCD. As for PQQCD,
we work with L = 2.5 fm where most current high-precision simulations are carried
out [90]. Throughout this subsection, we ensure that the conditionMπL ≥ 2.5 holds in
all the plots presented here.
We first discuss the procedure in QCD and QQCD. When studying the light quark
mass dependence of (ξf )FV and (ξB)FV, we follow a strategy similar to that in Ref. [75].
That is, we use the Gell-Mann-Okubo formulae to express MK andMη in terms of Mπ
andmss:
M2K =
m2ss +M
2
π
2
and M2η =
2m2ss +M
2
π
3
. (4.38)
We investigate the situation where a lattice calculation is performed at the physical
strange quark mass (ms)phys, but the up and down quark mass mu = md is varied.
By using (MK)phys = 0.498 GeV and (Mπ)phys = 0.135 GeV [1], we fix (mss)phys =
2B0(ms)phys = 0.691 GeV as an input parameter in our analysis. Notice that (mss)phys is
not themass of a “physical” meson, and the subscript just means this mass is estimated
by using physical kaon and pion masses. To the same order, we can adopt Eq. (4.11)
to write δs = λ1
(
m2ss −M2π
)
, and use (mss)phys, (Mπ)phys and physical MBs − MB =
0.091 GeV [1] to determine
λ1 = 0.1982 GeV
−1. (4.39)
This determines how δs varies withMπ. We have also tried to use vanishing pion mass
andMDs−MD = 0.104 GeV [1] to fix (mss)phys and λ1, and the results presented in this
subsection are not sensitive to this variation from the values quoted above.
The results for (ξf )FV and (ξB)FV for QCD and QQCD from this analysis are pre-
sented in Figs. 4.7–4.10 with two different values for the coupling g (and also γ in
QQCD). Here we stress again that the influence on finite volume effects from the pres-
ence of ∆ and δs depends on the size of these couplings, which are not well determined.
Inspired by the recent CLEO measurement of g in the charm system [91, 92], and a
recent lattice calculation [93], we vary g2 between 0.3 and 0.5. As for the coupling
γ, which is a quenching artifact and has never been determined, we vary its value
between g and −g. It is clear from these plots that the finite volume effects are gen-
erally small in QCD (≤ 2%), but can be significant in QQCD (∼ 3% to ∼ 7% for ξB) in
the range of MπL where lattice simulations are normally performed. This is clearly
due to the enhanced long-distance effect arising from the “double pole” structure in
(P)QQCD, as first pointed out in Ref. [77], and manifests itself in various places, e.g.,
nucleon-nucleon potentials [94] and π−π scattering [77,81,82,95].
Although it has been well established that infinite volume chiral corrections are
smaller in the B parameters than in the decay constants due to the coefficient in front
of g2 in the one-loop results, it is clear from these plots that finite volume effects are
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Figure 4.7: (ξf )FV in full QCD plotted against Mpi with L = 1.6 fm. The pion mass Mpi =
0.35 GeV corresponds toMpiL = 2.8, andMpi = 0.5 GeV corresponds toMpiL = 4.
Figure 4.8: (ξB)FV in full QCD plotted againstMpi with L = 1.6 fm.
more salient in ξB than in ξf . All the quenched lattice calculations for ξB have so far
concluded that this quantity is consistent with unity with typically 3% error. However,
we find that the volume effects are already at the level of 3−4% whenMπ = 0.45 GeV in
a 1.6 fm box where many quenched simulations were carried out. This error depends
on both light and heavy quark masses in the simulation, hence is amplified after ex-
trapolating the result to the physical quark masses. Also, the fact that volume effects
tend towards different directions in QCD and QQCD when Mπ becomes smaller indi-
cates that quenching errors in these quantities can be larger than those estimated in
Ref. [48]. Since finite volume effects have not been included in the analysis of lattice
calculations of ξB hitherto, one should be cautious when using the existing quenched
results for this quantity in any phenomenological work.
For the analysis in PQQCD, we assume that both the valence and sea strange quark
masses are fixed at that of the physical strange quark. However, we vary the light sea
quark mass mj = ml. For this purpose, we define mjj to be the mass of the meson
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Figure 4.9: (ξf )FV in QQCD plotted againstMpi, with L = 1.6 fm and different couplings g and
γ. We set α = 0 andM0 = 700MeV.
composed of two light sea quarks. Therefore,
m2jj
(m2ss)phys
=
(
mj
mr
)
mr = physicalms
. (4.40)
Also, we can express the mass shifts δ˜s and δsea in terms of meson masses, δ˜s =
λ1
(
m2ss −m2rr
)
and δsea = λ1
(
m2rr −M2π
)
by using Eqs. (4.12) and (4.13) with the same
value for λ1 used in Eq. (4.39).
The results for the PQQCD analysis are presented in Figs. 4.11 and 4.12. The
double pole insertions also appear in PQQCD and it is clear from these plots that fi-
nite volume effects cannot be neglected if one hopes to determine ξ to the level of a few
percent. Especially, in the range ofMπ and L where current and future lattice simula-
tions are performed [90], they can already be at about 4%, and the dependence on the
heavy meson mass is quite strong. Therefore they can become comparable to the error
presented in the latest review [74], ξ = 1.23 ± 0.10 after quark mass extrapolations.4
4Finite volume effects presented in this work are, however, correlated with the errors arising from
chiral extrapolations.
47
Figure 4.10: (ξB)FV in QQCD plotted against Mpi, with L = 1.6 fm, α = 0 and M0 = 700 MeV,
and different couplings.
4.5 Conclusions
We have investigated finite volume effects in heavy quark systems in the framework
of HMχPT. The primary conclusion is that the scales ∆ and δs, which are heavy-light
meson mass splittings arising from the breaking of heavy quark spin and light flavour
SU(3) symmetries, can significantly reduce the volume effects in diagrams involving
heavy meson propagators in the loop. The physical picture of this phenomenon is that
some heavy-light mesons are off-shell in the effective theory, as a consequence of the
velocity superselection rule, with the virtuality characterized by the mass splittings.
The time uncertainty conjugate to this virtuality limits the period during which the
Goldstone mesons can propagate to the boundary. Finite volume effects caused by the
propagation of the Goldstone mesons naturally affect the light quark mass extrap-
olation/interpolation in a lattice calculation. On top of this, our work implies that
they also influence the heavy quark mass extrapolation/interpolation, since the scale
∆ varies significantly with the heavy meson mass. The strength of this influence is
process-dependent, determined also by the relative weight between diagrams with and
without heavy meson propagators in the loop. The volume effects can be amplified by
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Figure 4.11: (ξf )FV in PQQCD plotted against mrr, with L = 2.5 fm and two different values
for Mpi. The pion mass M
2
pi = m
2
ss/4 corresponds to MpiL = 4.4 and M
2
pi = m
2
ss/8 corresponds
to MpiL = 3.1. The mass mrr = 0.197 GeV corresponds to mrrL = 2.5, and mrr = 0.32 GeV
corresponds to mrrL = 4.
both heavy and light quark mass extrapolations. Therefore it is important to perform
calculations to identify these effects in phenomenologically interesting quantities.
We have presented an explicit calculation in finite volume HMχPT for the B pa-
rameters in neutral B meson mixing and heavy-light decay constants, in QCD, QQCD,
and PQQCD.We have used these results to estimate the impact of finite volume effects
in the SU(3) ratio ξ, which is an important input in determining the magnitude of the
CKM matrix element Vtd. Within the parameter space where most quenched lattice
calculations have been performed, we find that, although this impact is quite small
(≤∼ 2%) in QCD, it can be significant in QQCD. This is due to the enhanced long-
distance effects arising from the double pole structure. This error will be amplified by
the quark mass extrapolations and hence can exceed the currently quoted systematic
effects. Furthermore, finite volume effects tend towards different directions in QCD
and QQCD for decreasing Mπ. This means that quenching errors in ξ may be signifi-
cantly larger than what was estimated before. Therefore one has to be cautious when
using the existing quenched lattice QCD results for ξ in phenomenological work. In
49
Figure 4.12: (ξB)FV in PQQCD plotted against mrr with L = 2.5 fm and two different values
forMpi.
PQQCD, our results indicate that finite volume effects are typically between 3% and
5% in the data range of future high-precision simulations, and they can be significantly
amplified in the procedure of quark mass extrapolations. This means that they are not
negligible in future lattice calculations of ξ.
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Chapter 5
Charge Radii of the Meson and
Baryon Octets in QχPT and
PQχPT
In this chapter, we calculate the electric charge radii of the SU(3) pseudoscalar mesons
as well as the SU(3) octet baryons in QχPT and PQχPT. The results are needed for
the extrapolation of future lattice calculations of these observables. We also derive
expressions for the nucleon and pion charge radii in SU(2) flavor away from the isospin
limit.
5.1 Introduction
The study of hadronic electromagnetic form factors at low momentum transfer pro-
vides important insight into the non-perturbative structure of QCD. Notable progress
toward measuring the proton and neutron form factors has been made in recent years
(see [96,97] for references), including recent high precision measurements for the pro-
ton [98]. Experimental study of the remaining octet baryons, however, is much harder.
The charge radius of the Σ− has only recently been measured [99]. Although more
experimental data for the other baryon electromagnetic observables can be expected
in the future, progress will be slow as the experimental difficulties are significant.
Theory, however, may have a chance to catch up.
While quenched lattice calculations have already appeared [100–105], with the ad-
vance of lattice gauge theory, we expect partially quenched calculations for many of
these observables in the near future. Lattice simulations employing these approxima-
tions need to be extrapolated from the heavier light quark masses used on the lattice
(currently on the order of the strange quark mass) down to the physical light quark
masses using the appropriate low-energy theories, QχPT and PQχPT (see Sections 2.3
and 2.4).
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While there are a number of lattice calculations for observables such as the pion
form factor [102, 106, 107] or the octet baryon magnetic moments [108, 109] that use
the quenched approximation, there are currently no partially quenched simulations.
However, given the recent progress that lattice gauge theory has made in the one-
hadron sector and the prospect of simulations in the two-hadron sector [110–114], we
expect to see partially quenched calculations of the electromagnetic form factors in the
near future.
This chapter is organized as follows. In Section 5.2, we calculate the charge radii
of the meson and baryon octets in both QχPT and PQχPT up to next-to-leading (NLO)
order in the chiral expansion. We use the heavy baryon formalism of Jenkins and
Manohar [33, 115], treat the decuplet baryons as dynamical degrees of freedom, and
keep contributions to lowest order in the heavy baryon mass, MB . These calculations
are done in the isospin limit of SU(3) flavor. For completeness we also provide the
PQχPT result for the charge radii for the SU(2) chiral Lagrangianwith non-degenerate
quarks in Appendix D. In Section 5.3 we conclude.
5.2 Charge Radii
In this section we calculate the charge radii in PQχPT and QχPT. The basic con-
ventions and notations for the mesons and baryons in QχPT and PQχPT have been
laid forth in Chapter 2; they have also been extensively reviewed in the litera-
ture [11,17–21,48].
5.2.1 Octet Meson Charge Radii
The electromagnetic form factor GX of an octet meson φX is required by Lorentz in-
variance and gauge invariance to have the form
〈φX(p′)|Jµem|φX(p)〉 = GX(q2)(p+ p′)µ (5.1)
where qµ = (p′−p)µ and p (p′) is the momentum of the incoming (outgoing) meson. Con-
servation of electric charge protects it from renormalization, hence at zero momentum
transfer eGX(0) = QX , where QX is the charge of φX . The charge radius rX is related
to the slope of GX(q
2) at q2 = 0, namely
< r2X >= 6
d
dq2
GX(q
2)|q2=0. (5.2)
There are three terms in the O(E4) Lagrangian
L = α4 8λ
f2
str(DµΣD
µΣ)str(mQΣ+m
†
QΣ
†) + α5
8λ
f2
str(DµΣD
µΣ(mQΣ+m
†
QΣ
†))
+iα9str(LµνD
µΣDνΣ† +RµνDµΣ†DνΣ) + . . . (5.3)
52

Figure 5.1: Loop diagrams contributing to the octet meson charge radii in PQχPT. Octet
mesons are denoted by a dashed line, singlets (hairpins) by a crossed dashed line, and the
photon by a wiggly line. Only the third diagram has q2 dependence and therefore contributes
to the charge radius.
Figure 5.2: Wavefunction renormalization diagrams in PQχPT. These diagrams, together with
the third one in Fig. (5.1), ensure meson electric charge non-renormalization.
that contribute to meson form factors at tree level. Here Lµν , Rµν are the field-strength
tensors of the external sources, which for an electromagnetic source are given by
Lµν = Rµν = eQ(∂µAν − ∂νAµ) + ie2Q2[Aµ,Aν ]. (5.4)
Unlike QχPT, where the low-energy constants are unique and have no known connec-
tion to χPT, in PQχPT the parameters in (5.3) are the dimensionless Gasser-Leutwyler
coefficients of χPT [8] which can be seen by looking at mesons that contain sea quarks
only.
To calculate the charge radii to lowest order in the chiral expansion one has to
include operators of L in (2.34) to one-loop order [see Figs. (5.1) and (5.2)] and opera-
tors of (5.3) to tree level. Using dimensional regularization, where we have subtracted
1
ǫ + 1− γ + log 4π, we find in PQχPT for the π+
GPQ
π+
(q2) = 1− 1
16π2f2
[2Fuj + Fur] + α9
4
f2
q2, (5.5)
which interestingly does not depend on the charges of the sea and ghost quarks, qj, ql,
qr. For the K
+ we find
GPQ
K+
(q2) = 1 +
1
16π2f2
[(
1
3
− qjl
)
Fuu −
(
4
3
− qjl
)
Fuj −
(
2
3
− qr
)
Fur
+
(
1
3
+ qr
)
Fss −
(
2
3
− qjl + qr
)
Fus −
(
2
3
+ qjl
)
Fjs
−
(
1
3
+ qr
)
Frs
]
+ α9
4
f2
q2 (5.6)
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and for the K0 we find
GPQ
K0
(q2) =
1
16π2f2
[(
1
3
− qjl
)
Fuu +
(
2
3
+ qjl
)
Fuj +
(
1
3
+ qr
)
Fur +
(
1
3
+ qr
)
Fss
−
(
2
3
− qjl + qr
)
Fus −
(
2
3
+ qjl
)
Fjs −
(
1
3
+ qr
)
Frs
]
. (5.7)
Here qjl = qj + ql and we have defined
FQQ′ =
q2
6
log
m2QQ′
µ2
−m2QQ′F
(
q2
m2QQ′
)
, (5.8)
where the function F(a) is given by
F(a) =
(
a
6
− 2
3
)√
1− 4
a
log
√
1− 4a + iǫ− 1√
1− 4a + iǫ+ 1
+
5a
18
− 4
3
. (5.9)
The first derivative of FQQ′ at q
2 = 0, needed to calculate the charge radii, becomes
6
d
dq2
FQQ′ |q2=0 = log
m2QQ′
µ2
+ 1. (5.10)
Charge conjugation implies
GPQ
π−
= −GPQ
π+
, GPQ
K−
= −GPQ
K+
, and GPQ
K
0 = −GPQK0 , (5.11)
which we have also verified at one-loop order. The form factors of the flavor diagonal
mesons are zero by charge conjugation invariance. In the limit mj → m¯, mr → ms we
recover the QCD result [8,9] as expected.
It is interesting to note, that duplicating these calculations for QχPT shows that
there is no meson mass dependence at this order. Specifically we find
GQ
π+
(q2) = −GQ
π−
(q2) = GQ
K+
(q2) = −GQ
K−
(q2) = 1 +
4
f2
αQ9 q
2, (5.12)
and the form factors of the neutral mesons are zero. Here we annotate the quenched
constant aQ9 with a “Q” since its numerical value is different from the one in Eq. (5.3).
Eq. (5.12) reflects that flavor-singlet loops do not contribute to the q2-dependence at
this order; thus the virtual quark loops are completely removed by their ghostly coun-
terparts. This can readily be seen by considering the quenched limit of Eqs. (5.5)–
(5.7). The meson mass independence reveals once again the pathologic nature of the
quenched approximation and seriously puts into question χPT extrapolations to the
physical pion mass.
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5.2.2 Octet Baryon Charge Radii
The electromagnetic form factors at or near zero momentum transfer that enable the
extraction of the baryon magnetic moments and charge radii have been frequently in-
vestigated in QCD [115–124]. There are also recent quenched and partially quenched
calculations of the octet baryon magnetic moments in QχPT and PQχPT [12, 13, 31].
Here, we extend these calculations to the octet baryon charge radii. We retain spin-3/2
baryons in intermediate states since formally ∆ ∼ mπ.
Using the heavy baryon formalism [33,115], the baryon matrix element of the elec-
tromagnetic current Jµ can be parametrized in terms of the Dirac and Pauli form
factors F1 and F2, respectively, as
〈B(p′) |Jµ|B(p)〉 = u(p′)
{
vµF1(q
2) +
[Sµ, Sν ]
MB
qνF2(q
2)
}
u(p) (5.13)
with q = p′ − p. The Sachs electric and magnetic form factors defined as
GE(q
2) = F1(q
2) +
q2
4M2B
F2(q
2) (5.14)
GM (q
2) = F1(q
2) + F2(q
2) (5.15)
are particularly useful. The baryon charge Q, electric charge radius < r2E >, and
magnetic moment µ can be defined in terms of these form factors by
Q = GE(0), < r
2
E >= 6
d
dq2
GE(q
2)
∣∣∣∣
q2=0
, and µ = GM (0)−Q. (5.16)
Here the baryon charge Q is in units of e.
Analysis in PQχPT
Let us first consider the calculation of the octet baryon charge radii in PQχPT. The
Lagrangian describing the relevant interactions of the Bijk and Tijk with the pseudo-
Goldstone mesons is
L = 2α (BSµBAµ)+ 2β (BSµAµB)+
√
3
2
C [(T νAνB)+ h.c.] . (5.17)
The axial-vector and vector meson fields Aµ and V µ are defined by analogy to those in
QCD:
Aµ =
i
2
(
ξ∂µξ† − ξ†∂µξ
)
and V µ =
1
2
(
ξ∂µξ† + ξ†∂µξ
)
. (5.18)
The vector Sµ is the covariant spin operator [33,115,125]. The constants α and β are
easily calculated in terms of the constants D and F that are used for the SU(3)val
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analogs of these terms in QCD. Restricting the indices of Bijk to i, j, k = 1, 2, 3 one
easily identifies
α =
2
3
D + 2F and β = −5
3
D + F. (5.19)
The leading tree-level correction to the magnetic moments come from the dimen-
sion-5 operators1
L = ie
2MB
[
µα
(B[Sµ, Sν ]BQ)+ µβ (B[Sµ, Sν ]QB)]Fµν (5.20)
which can be matched on the QCD Lagrangian upon restricting the baryon field indices
to 1-3
L = ie
2MB
[
µD tr(B[Sµ, Sν ]{Q, B}) + µF tr(B[Sµ, Sν ][Q, B])
]
Fµν (5.21)
where
µα =
2
3
µD + 2µF and µβ = −5
3
µD + µF (5.22)
at tree level. The magnetic moments contribute the so-called Foldy term to charge
radii via F2(0) in Eq. (5.14). Likewise, further leading tree-level corrections to the
charge radii come from the dimension-6 operators
L = e
Λ2χ
[
cα
(BBQ)+ cβ (BQB)] vµ∂νFµν (5.23)
and the parameters c+ and c−, defined by
cα =
2
3
c+ + 2c− and cβ = −5
3
c+ + c−, (5.24)
are the same as those used in QCD. Here, we take the chiral symmetry breaking scale
Λχ ∼ 4πf for the purpose of power counting. The NLO contributions arise from the
one-loop diagrams shown in Figs. (5.3) and (5.4). To calculate the charge radii we
need the form factors F1 to first order in q
2 and F2(0) we find
< r2E > = −
6
Λ2χ
(Qc− + αDc+) +
3
2M2B
(QµF + αDµD)
− 1
16π2f2
∑
X
[
AX log
m2X
µ2
− 5βX log m
2
X
µ2
+ 10β′XG(mX ,∆, µ)
]
.
(5.25)
Here, we have defined the function G(m,∆, µ) by
G(m,∆, µ) = log m
2
µ2
− ∆√
∆2 −m2 log
∆−√∆2 −m2 + iǫ
∆+
√
∆2 −m2 + iǫ . (5.26)
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Figure 5.3: Loop diagrams contributing to the baryon magnetic moments and charge radii. A
thin (thick) solid line denotes an octet (decuplet) baryon. The last two diagrams in the first row
contribute to both magnetic moments and charge radii; the magnetic moment part of which has
already been calculated in [31]. The first diagram in row 1 contributes q2 dependence only to F1
and therefore is relevant for the charge radii. The remaining diagrams have no q2 dependence.
These along with the wave function renormalization diagrams in Fig. (5.4) maintain charge
non-renormalization.
Table 5.1: Octet baryon tree-level contributions in QCD, QQCD, and PQQCD.
Q αD
p, Σ+ 1 13
n, Ξ0 0 − 23
Σ0 0 13
Σ−, Ξ− −1 13
Λ 0 − 13
Σ0Λ 0 1√
3
Note that in Eq. (5.25) the only loop contributions we keep are those non-analytic in
mX .
The parameters for the tree-level diagrams are listed in Table 5.1. The computed
values for the βX , β
′
X , and AX coefficients that appear in Eq. (5.25) are listed for the
octet baryons in Tables 5.2—5.9. The corresponding values for the ΛΣ0 transition
are given in Table 5.10. In each table we have listed the values corresponding to the
loop meson that has mass mX . If a particular meson is not listed then the values for
βX , β
′
X , and AX are zero.
2
1Here we use Fµν = ∂µAν − ∂νAµ.
2We have defined the coefficients βX and βX
′ to correspond to those defined in [31] where µ = QµF +
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Figure 5.4: Wave function renormalization diagrams needed to maintain baryon electric
charge non-renormalization.
Table 5.2: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the proton.
X βX β
′
X AX
π − 19
(
7D2 + 6DF − 9F 2)− 13 (5D2 − 6DF + 9F 2) qjl (− 29 + 16qjl) C2 −1 + 3qjl
K − 19
(
5D2 − 6DF + 9F 2) (1 + 3qr) ( 118 + 16qr) C2 1 + 3qr
uj − 29 (D + 3F )
2
+ 13
(
5D2 − 6DF + 9F 2) qjl − 16qjlC2 2− 3qjl
ur − 19 (D + 3F )
2
+ 13
(
5D2 − 6DF + 9F 2) qr − 16qrC2 1− 3qr
Table 5.3: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the neutron.
X βX β
′
X AX
π 19
(
17D2 − 6DF + 9F 2)− 13 (5D2 − 6DF + 9F 2) qjl ( 19 + 16qjl) C2 −1 + 3qjl
K − 19
(
5D2 − 6DF + 9F 2) (1 + 3qr) ( 118 + 16qr) C2 1 + 3qr
uj − 89
(
D2 − 3DF )+ 13 (5D2 − 6DF + 9F 2) qjl ( 19 − 16qjl) C2 −3qjl
ur − 49
(
D2 − 3DF )+ 13 (5D2 − 6DF + 9F 2) qr ( 118 − 16qr) C2 −3qr
Analysis in QχPT
The calculation of the charge radii can be easily executed for QχPT. The operators
in Eqs. (5.21) and (5.23) contribute, however, their low-energy coefficients cannot be
matched onto QCD. Therefore we annotate them with a “Q”. Additional terms involv-
ing hairpins [11,13] do not contribute as their contribution to the charge radii is of the
form (µ20/Λ
4
χ) logmq and therefore of higher order in the chiral expansion. We find
< r2E > = −
6
Λ2χ
(QcQ− + αDc
Q
+) +
3
2M2B
(QµQF + αDµ
Q
D)
+
1
16π2f2
∑
X
[
5βQX log
m2X
µ2
− 10βQX
′G(mX ,∆, µ)
]
. (5.27)
As with the meson case, the diagram where the photon couples to the closed meson
loop does not contribute to baryon charge radii in the quenched case, cf., AX is zero.
αD µD +
MB
4pif2
∑
X
[βXmX + β
′
XF(mX ,∆, µ)] and the function F(mX ,∆, µ) is given in [31].
58
Table 5.4: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the Σ
+.
X βX β
′
X AX
π 29
(
D2 + 3F 2
)
(1− 3qjl)
(− 154 + 118qjl) C2 − 23 + 2qjl
K − 19
(
11D2 + 6DF + 3F 2
)− (D − F )2qjl − 23 (D2 + 3F 2) qr (− 527 + 19qjl + 118qr) C2 13 + qjl + 2qr
ηs − 13 (D − F )2(1 + 3qr)
(
1
27 +
1
9qr
) C2 13 + qr
uj − 29
(
D2 + 3F 2
)
(4 − 3qjl)
(
2
27 − 118qjl
) C2 83 − 2qjl
ur − 29
(
D2 + 3F 2
)
(2− 3qr)
(
1
27 − 118qr
) C2 43 − 2qr
sj 13 (D − F )2(2 + 3qjl)
(− 227 − 19qjl) C2 − 23 − qjl
sr 13 (D − F )2(1 + 3qr)
(− 127 − 19qr) C2 − 13 − qr
Table 5.5: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the Σ
0.
X βX β
′
X AX
π 29
(
D2 + 3F 2
)
(1− 3qjl)
(− 154 + 118qjl) C2 − 23 + 2qjl
K − 19
(
5D2 + 6DF + 3F 2
)− (D − F )2qjl − 23 (D2 + 3F 2) qr (− 11108 + 29qjl + 118qr)C2 13 + qjl + 2qr
ηs − 13 (D − F )2(1 + 3qr)
(
1
27 +
1
9qr
) C2 13 + qr
uj − 29
(
D2 + 3F 2
)
(1− 3qjl)
(
1
54 − 118qjl
)C2 23 − 2qjl
ur − 19
(
D2 + 3F 2
)
(1 − 6qr)
(
1
108 − 118qr
) C2 13 − 2qr
sj 13 (D − F )2(2 + 3qjl)
(− 227 − 19qjl) C2 − 23 − qjl
sr 13 (D − F )2(1 + 3qr)
(− 127 − 19qr)C2 − 13 − qr
5
9
Table 5.6: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the Σ
−.
X βX β
′
X AX
π 29
(
D2 + 3F 2
)
(1− 3qjl)
(− 154 + 118qjl) C2 − 23 + 2qjl
K 19
(
D2 − 6DF − 3F 2)− (D − F )2qjl − 23 (D2 + 3F 2) qr (− 154 + 19qjl + 118qr) C2 13 + qjl + 2qr
ηs − 13 (D − F )2(1 + 3qr)
(
1
27 +
1
9qr
)C2 13 + qr
uj 29
(
D2 + 3F 2
)
(2 + 3qjl)
(− 127 − 118qjl) C2 − 43 − 2qjl
ur 29
(
D2 + 3F 2
)
(1 + 3qr)
(− 154 − 118qr) C2 − 23 − 2qr
sj 13 (D − F )2(2 + 3qjl)
(− 227 − 19qjl) C2 − 23 − qjl
sr 13 (D − F )2(1 + 3qr)
(− 127 − 19qr) C2 − 13 − qr
Table 5.7: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the Ξ
0.
X βX β
′
X AX
π 13 (D − F )2 (1− 3qjl)
(− 127 + 19qjl)C2 − 13 + qjl
K 19
(
11D2 + 6DF + 3F 2
)− 23 (D2 + 3F 2) qjl − (D − F )2qr ( 527 + 118qjl + 19qr) C2 − 13 + qr + 2qjl
ηs − 29
(
D2 + 3F 2
)
(1 + 3qr)
(
1
54 +
1
18qr
) C2 23 + 2qr
uj − 13 (D − F )2(4− 3qjl)
(
4
27 − 19qjl
) C2 43 − qjl
ur − 13 (D − F )2(2− 3qr)
(
2
27 − 19qr
) C2 23 − qr
sj 29
(
D2 + 3F 2
)
(2 + 3qjl)
(− 127 − 118qjl) C2 − 43 − 2qjl
sr 29
(
D2 + 3F 2
)
(1 + 3qr)
(− 154 − 118qr) C2 − 23 − 2qr
6
0
Table 5.8: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the Ξ
−.
X βX β
′
X AX
π 13 (D − F )2 (1 + 3qjl)
(− 127 + 19qjl) C2 − 13 + qjl
K − 19
(
D2 − 6DF − 3F 2)− 23 (D2 + 3F 2) qjl − (D − F )2qr ( 154 + 118qjl + 19qr) C2 − 13 + 2qjl + qr
ηs − 29
(
D2 + 3F 2
)
(1 + 3qr)
(
1
54 +
1
18qr
) C2 23 + 2qr
uj 13 (D − F )2(2 + 3qjl)
(− 227 − 19qjl) C2 − 23 − qjl
ur 13 (D − F )2(1 + 3qr)
(− 127 − 19qr) C2 − 13 − qr
sj 29
(
D2 + 3F 2
)
(2 + 3qjl)
(− 127 − 118qjl) C2 − 43 − 2qjl
sr 29
(
D2 + 3F 2
)
(1 + 3qr)
(− 154 − 118qr) C2 − 23 − 2qr
Table 5.9: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the Λ.
X βX β
′
X AX
π 227
(
7D2 − 12DF + 9F 2) (1− 3qjl) (− 118 + 16qjl)C2 − 23 + 2qjl
K 127
(
5D2 + 30DF − 9F 2)− 19 (D + 3F )2qjl − 29 (7D2 − 12DF + 9F 2) qr ( 536 + 16qr)C2 13 + qjl + 2qr
ηs − 127 (D + 3F )2(1 + 3qr) 0 13 + qr
uj − 227
(
7D2 − 12DF + 9F 2) (1 − 3qjl) ( 118 − 16qjl) C2 23 − 2qjl
ur − 127
(
7D2 − 12DF + 9F 2) (1− 6qr) ( 136 − 16qr)C2 13 − 2qr
sj 127 (D + 3F )
2(2 + 3qjl) 0 − 23 − qjl
sr 127 (D + 3F )
2(1 + 3qr) 0 − 13 − qr
6
1
Table 5.10: The coefficients βX , β
′
X , and AX in SU(3) flavor PQχPT for the ΛΣ
0 transition.
X βX β
′
X AX
π − 4
3
√
3
D2 − 1
6
√
3
C2 0
K − 2
3
√
3
D2 − 1
12
√
3
C2 0
uj 4
3
√
3
D(D − 3F ) − 1
6
√
3
C2 0
ur 2
3
√
3
D(D − 3F ) − 1
12
√
3
C2 0
Table 5.11: The coefficients βQX and β
Q
X
′
in SU(3) flavor QχPT for the octet baryons.
βQX β
Q
X
′
π K π K
p − 43D2Q 0 − 16C2Q 0
n 43D
2
Q 0
1
6C2Q 0
Σ+ 0 − 43D2Q 0 − 16C2Q
Σ0 0 − 23D2Q 0 − 112C2Q
Σ− 0 0 0 0
Λ 0 23D
2
Q 0
1
12C2Q
Ξ− 0 0 0 0
Ξ0 0 43D
2
Q 0
1
6C2Q
ΣΛ − 4
3
√
3
D2Q − 23√3D2Q − 16√3C2Q − 112√3C2Q
The remaining coefficients appearing in Eq. (5.27) are listed in Table 5.11 and stem
from meson loops formed solely from valence quarks.
5.3 Conclusions
We have calculated the charge radii for the octet mesons and baryons in the isospin
limit of PQχPT and also derive the result for the nucleon doublet and pion triplet
away from the isospin limit for the SU(2) chiral Lagrangian. For the octet mesons and
baryons we have also calculated the QχPT results.
We find that new operators in the QQCD Lagrangian, which are non-existent in
QCD, enter at NNLO. Hence, formally our NLO result is not more divergent than its
QCD counterpart. This, however, does not mean that our result is free of quenching
artifacts. While the expansions about the chiral limit for QCD and QQCD are formally
similar, < r2 >∼ α+ β logmQ + . . . , the QQCD result is anything but free of quenched
oddities: for certain baryons, Σ− and Ξ− in particular, diagrams that have bosonic or
fermionic mesons running in loops completely cancel so that β = 0. In other words,
< r2 >∼ α + . . . and the result is actually independent of mQ! The same behavior
is found for the charge radii of all mesons in QQCD as the meson loop contributions
entirely cancel.
PQQCD, on the other hand, is free of such eccentric behavior. The formal behavior
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of the charge radius in the chiral limit has the same form as in QCD. Moreover, there
is a well-defined connection to QCD and one can reliably extrapolate lattice results
down to the quark masses of reality. The low-energy constants appearing in PQQCD
are the same as those in QCD and by fitting them in PQχPT one can make predictions
for QCD. Our PQχPT result will enable the proper extrapolation of PQQCD lattice
simulations of the charge radii and we hope it encourages such simulations in the
future.
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Chapter 6
Electromagnetic Properties of
the Baryon Decuplet in QχPT
and PQχPT
In this chapter, we calculate electromagnetic properties of the decuplet baryons in
QχPT and PQχPT. We work at NLO in the chiral expansion, LO in the heavy baryon
expansion, and obtain expressions for the magnetic moments, charge radii, and elec-
tric quadrupole moments. The quenched calculation is shown to be pathological since
only quenched chiral singularities are present at this order. We present the partially
quenched results for both the SU(2) and SU(3) flavor groups and use the isospin limit
in the latter. These results are necessary for proper extrapolation of lattice calcula-
tions of decuplet electromagnetic properties.
6.1 Introduction
Experiments measuring the decuplet magnetic moments are anticipated in the fore-
seeable future. The Particle Data Group lists values for the ∆++ magnetic moment [1]
but with sizeable discrepancy and uncertainty, even among the two most recent re-
sults [126,127]. A report of the initial measurement of the ∆+ magnetic moment [128]
has recently appeared, and further data are eagerly awaited.
Lattice calculations can be used to calculate the decuplet electromagnetic mo-
ments. While lattice simulations using the quenched approximation have already ap-
peared [129], there are currently no partially quenched simulations. However, we ex-
pect to see partially quenched calculations of the decuplet electromagnetic form factors
in the near future.
Whatever approximation is used—quenched or partially quenched—, now and in
the near future all these calculations are performed with unphysically large quark
masses and therefore must be extrapolated down to the physical light quark masses.
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For QQCD lattice calculations this extrapolation can be accomplished by the use of
QχPT. However, the results are not only plagued by quenching artifacts but also
unrelated to QCD, as explained in Chapter 2. In fact, several examples show that
the behavior of meson loops near the chiral limit is frequently misrepresented in
QχPT [2, 4, 13, 35, 130, 131]. We find this to also be true for the decuplet electromag-
netic observables. Indeed, to the order we work only quenched chiral singularities
are present in the quenched electromagnetic moments; the charge radii have no quark
mass dependence at all. Of course, the unattractive features of QQCD can be remedied
by using PQQCD and PQχPT.
The chapter is organized as follows. First, in Section 6.2, we calculate the electro-
magnetic moments and charge radii of the decuplet baryons in both QχPT and PQχPT
up to NLO in the chiral expansion. We use the heavy baryon formalism of Jenkins
and Manohar [33,115] and work to lowest order in the heavy baryon expansion. These
calculations are done in the isospin limit of SU(3) flavor. Expressions for form fac-
tors with the q2 dependence at one loop are given in Appendix E.1. For completeness
we also provide the PQχPT result for the baryon quartet electromagnetic moments
and charge radii for the SU(2) chiral Lagrangian with non-degenerate quarks in Ap-
pendix E.2. We conclude in Section 6.3.
6.2 Decuplet Electromagnetic Properties
The electromagnetic moments of decuplet baryons in χPT have been investigated pre-
viously in [132,133]. Additionally there has been interest in the decuplet electromag-
netic properties in the largeNc limit of QCD [134–137]. In this section we calculate the
decuplet electromagnetic moments and charge radii in PQχPT and QχPT. The basic
conventions and notations for the mesons and baryons in PQχPT have been laid forth
in the last Chapter 2. Additionally the decuplet charge radii in χPT are provided since
they have not been calculated before. First we review the electromagnetic form factors
of heavy spin-3/2 baryons.
Using the heavy baryon formalism [33, 115], the decuplet matrix elements of the
electromagnetic current Jρ can be parametrized as
〈T (p′)|Jρ|T (p)〉 = −uµ(p′)Oµρνuν(p), (6.1)
where uµ(p) is a Rarita-Schwinger spinor for an on-shell heavy baryon satisfying
vµuµ(p) = 0 and S
µuµ(p) = 0. The tensor Oµρν can be parametrized in terms of four
independent, Lorentz invariant form factors
Oµρν = gµν
{
vρF1(q
2) +
[Sρ, Sτ ]
MB
qτF2(q
2)
}
+
qµqν
(2MB)2
{
vρG1(q
2) +
[Sρ, Sτ ]
MB
qτG2(q
2)
}
,
(6.2)
where the momentum transfer q = p′ − p. The form factor F1(q2) is normalized to the
decuplet charge in units of e: F1(0) = Q. At NLO in the chiral expansion, the form
factor G2(q
2) = 0.
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Extraction of the form factors requires a nontrivial identity for on-shell Rarita-
Schwinger spinors [138]. For heavy baryon spinors, the identity is
uα(p
′)
(
qαgµβ − qβgµα)uβ(p) = uα(p′)
[
− q
2
2MB
gαβvµ + 2gαβ [Sµ, Sν ]qν +
1
MB
qαqβvµ
]
uβ(p).
(6.3)
Linear combinations of the above (Dirac- and Pauli-like) form factors make the electric
charge GE0(q
2), magnetic dipole GM1(q
2), electric quadrupole GE2(q
2), and magnetic
octupole GM3(q
2) form factors. This conversion from covariant vertex functions to mul-
tipole form factors for spin-3/2 particles is explicated in [138]. For our calculations, the
charge radius
< r2E >≡ 6
d
dq2
GE0(q
2)
∣∣∣∣∣
q2=0
= 6
{
dF1(0)
dq2
− 1
12M2B
[2Q− 3F2(0) −G1(0)]
}
, (6.4)
the magnetic moment
µ ≡ GM1(0)−Q = F2(0), (6.5)
and the electric quadrupole moment
Q ≡ GE2(0)−Q = −1
2
G1(0). (6.6)
To the order we work in the chiral expansion, the magnetic octupole moment is zero.
6.2.1 Analysis in PQχPT
Let us first consider the calculation of the decuplet baryon electromagnetic properties
in PQχPT. Here, the leading tree-level contributions to the magnetic moments come
from the dimension-5 operator
L = µc 3ie
MB
(T µQT ν)Fµν , (6.7)
which matches onto the χPT operator [116]
L = µc ieQi
MB
T µi T
ν
i Fµν , (6.8)
when the indices in Eq. (6.7) are restricted to 1–3. Here Qi is the charge of the ith
decuplet state. Additional tree-level contributions come from the leading dimension-6
electric quadrupole operator
L = −Qc 3e
Λ2χ
(T {µQT ν})vα∂µFνα. (6.9)
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Here the action of { . . . } on Lorentz indices produces the symmetric traceless part of
the tensor, viz., O{µν} = Oµν +Oνµ − 12gµνOαα. The operator in Eq. (6.9) matches onto
the χPT operator [132]
L = −Qc eQi
Λ2χ
T
{µ
i T
ν}
i v
α∂µFνα. (6.10)
The final tree-level contributions arise from the leading dimension-6 charge radius
operator
L = cc 3e
Λ2χ
(T σQTσ)vµ∂νFµν (6.11)
which matches onto the χPT operator
L = cc eQi
Λ2χ
T σi Tσ,i vµ∂νF
µν . (6.12)
Notice that the PQQCD low-energy constants µc, Qc, and cc have the same numerical
values as in QCD.
The NLO contributions to electromagnetic observables in the chiral expansion arise
from the one-loop diagrams shown in Fig. 6.1. In addition to the terms describing the
interactions of the Bijk and Tijk with the pseudo-Goldstone mesons given in Eq. (5.17)
we need the term
L = 2H (T νSµAµTν) (6.13)
where the axial-vector Aµ is defined in Eq. (5.18). Calculation of the diagrams yields
F1(q
2) = Q
(
1− µcq
2
2M2B
− Qcq
2
2Λ2χ
+
ccq
2
Λ2χ
)
− 1
6
q2
3 + C2
16π2f2
∑
X
AX log
m2X
µ2
− 11
54
q2
H2
16π2f2
∑
X
AX
[
log
m2X
µ2
− ∆mX
∆2 −m2X
R
(
∆
mX
)]
+O(q4), (6.14)
F2(0) = µ = 2µcQ+
MBH2
36π2f2
∑
X
AX
[
∆ log
m2X
µ2
−mXR
(
∆
mX
)]
− C
2MB
8πf2
∑
X
AXmX ,
(6.15)
and
G1(0) = −2Q = 4Q
(
µc +Qc
2M2B
Λ2χ
)
− M
2
BC2
12π2f2
∑
X
AX log
m2X
µ2
+
M2BH2
27π2f2
∑
X
AX
[
log
m2X
µ2
− ∆mX
∆2 −m2X
R
(
∆
mX
)]
. (6.16)
The only loop contributions kept in the above expressions are those non-analytic in
the quark masses. The full q2 dependence at one-loop has been omitted from the above
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ÆFigure 6.1: Loop diagrams contributing to the decuplet electromagnetic moments and charge
radii. Octet mesons are denoted by a dashed line, singlets (hairpins) by a crossed dashed
line, and the photon by a wiggly line. A thick (thin) solid line denotes a decuplet (octet) baryon.
The diagrams in the first row contribute to the electromagnetic moments and charge radii. The
remaining diagrams with a photon have no q2-dependence. These, along with the wavefunction
renormalization diagrams, ensure non-renormalization of the electric charge.
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Table 6.1: The coefficients ATX for SU(3) for each of the decuplet states in χPT and PQχPT. The index X corresponds to the
loop meson that has mass mX . Here, we have used qjl = qj + ql.
χPT PQχPT
π K π K ηs ju ru js rs
∆++ 1 1 − 13 + qjl 13 + qr 0 43 − qjl 23 − qr 0 0
∆+ 13
2
3 “ “ “
2
3 − qjl 13 − qr “ “
∆0 − 13 13 “ “ “ −qjl −qr “ “
∆− −1 0 “ “ “ − 23 − qjl − 13 − qr “ “
Σ∗,+ 23
1
3 − 29 + 23qjl 19 + 23qr + 13qjl 19 + 13qr 89 − 23qjl 49 − 23qr − 29 − 13qjl − 19 − 13qr
Σ∗,0 0 0 “ “ “ 29 − 23qjl 19 − 23qr “ “
Σ∗,− − 23 − 13 “ “ “ − 49 − 23qjl − 29 − 23qr “ “
Ξ∗,0 13 − 13 − 19 + 13qjl − 19 + 13qr + 23qjl 29 + 23qr 49 − 13qjl 29 − 13qr − 49 − 23qjl − 29 − 23qr
Ξ∗,− − 13 − 23 “ “ “ − 29 − 13qjl − 19 − 13qr “ “
Ω− 0 −1 0 − 13 + qjl 13 + qr 0 0 − 23 − qjl − 13 − qr
6
9
-0.5
0
0.5
1
<
r2
E>
 [f
m2
]
∆++
∆+
∆0
∆−
Σ∗,+
Σ∗,0
Σ∗,−
Ξ∗,0
Ξ∗,−
Ω−
p
n
Figure 6.2: The charge radii of the decuplet baryons in χPT. The contribution from countert-
erms has been set to zero. The radii (squared) here come from the one-loop diagrams only and
are plotted in units of fm2. For reference we have shown both the proton and neutron charge
radii [1] (solid and dashed lines, respectively).
expressions but is given in Appendix E.1. The function R(x) is given in Eq. (B.2). The
sum in the above expressions is over all possible loop mesons X. The computed values
of the coefficients ATX that appear above are listed in Table 6.1 for each of the decuplet
states T . In the table we have listed values corresponding to the loop meson that has
mass mX for both χPT and PQχPT. In particular, the χPT coefficients can be used
to find the QCD decuplet charge radii, which have not been calculated before. Using
Eq. (6.4), the expression for the charge radii is
< r2E >= Q
(
2µc − 1
M2B
+
Qc + 6cc
Λ2χ
)
− 1
3
9 + 5C2
16π2f2
∑
X
AX log
m2X
µ2
− 25
27
H2
16π2f2
∑
X
AX
[
log
m2X
µ2
− ∆mX
∆2 −m2X
R
(
∆
mX
)]
. (6.17)
In the absence of experimental and lattice data for the low energy constants Qc and
cc, we cannot ascertain the contributions to the charge radii from local counterterms in
χPT. We can consider, however, just the formally dominant loop contributions. To this
end, we choose the values C = −2D and H = −3D with D = 0.76 [33], and the masses
∆ = 270 MeV,mπ = 140 MeV, andmK = 500 MeV. The loop contributions to the charge
radii in χPT are then evaluated for the decuplet at the scale µ = 1 GeV and plotted in
Fig. 6.2.
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Figure 6.3: Hairpin diagrams that give contributions of the form∼ µ2o logmq to decuplet electro-
magnetic moments in QχPT. The square at the photon vertex represents the relevant operators
from Eqs. (6.7), (6.9), and (6.19).
6.2.2 Analysis in QχPT
The calculation of the charge radii and electromagnetic moments can be correspond-
ingly executed for QχPT. The operators in Eqs. (6.7), (6.9) and (6.11) contribute, how-
ever, their low-energy coefficients cannot be matched onto QCD. Therefore we anno-
tate them with a “Q”. The loop contributions encountered in χPT and PQχPT above
no longer contribute because in QχPT ATX = 0 for all decuplet states T . This can be
readily seen in two ways. The quenched limit1 of the coefficients in Table 6.1 makes
immediate the vanishing of ATX . Alternately one can consider the relevant quark flow
diagrams with only valence quarks in loops. Due to the symmetric nature of T ijk, these
loops are completely canceled by their ghostly counterparts. For the charge radii, there
are no additional diagrams to consider at this order from singlet hairpin interactions.
Thus in QχPT, the charge radii have the form
< r2E >= Q
(
2µQc − 1
M2B
+
Q
Q
c + 6c
Q
c
Λ2χ
)
, (6.18)
where the dependence on the quark mass enters at the next order.
Additional terms of the form µ20 logmq involving hairpins [11, 13] do contribute to
the electromagnetic moments as they are of the same order in the chiral expansion.
As explained in [139], the axial hairpins do not contribute. In the diagrams shown
in Fig. 6.3, one sees that there are contributions from the electromagnetic moments of
the decuplet and octet baryons as well as their transition moments. These interactions
are described by the operators in Eqs. (6.7) and (6.9) (now with quenched coefficients)
1In this case, the quenched limit simply means to remove sea quarks and to fix the charges of the
ghost quarks to equal those of their light quark counterparts.
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along with
L = ie
2MB
{
µQα
(B[Sµ, Sν ]BQ)+ µQβ (B[Sµ, Sν ]QB)}Fµν
+
√
3
2
µQT
ie
2MB
[(BSµQT ν)+ h.c.]Fµν +
√
3
2
Q
Q
T
e
Λ2χ
[(
BS{µQT ν}
)
+ h.c.
]
vα∂µFνα.
(6.19)
It is easier to work with the combinations µQD and µ
Q
F defined by
µQα =
2
3
µQD + 2µ
Q
F and µ
Q
β = −
5
3
µQD + µ
Q
F . (6.20)
To calculate the quenched electromagnetic moments, we also need the hairpin
wavefunction renormalization diagrams shown in Fig. 6.1. These along with the di-
agrams in Fig. 6.3 are economically expressed in terms of the function
I(m1,m2,∆1,∆2, µ) =
Y (m1,∆1, µ) + Y (m2,∆2, µ)− Y (m1,∆2, µ)− Y (m2,∆1, µ)
(m21 −m22)(∆1 −∆2)
= −i16π
2
3
∫
dDk
(2π)D
k2 − (k · v)2
(k2 −m21)(k2 −m22)(k · v −∆1)(k · v −∆2)
,
(6.21)
where
Y (m,∆, µ) = ∆
(
m2 − 2
3
∆2
)
log
m2
µ2
+
2
3
m(∆2 −m2)R
(
∆
m
)
(6.22)
and we have kept only non-analytic contributions. The following shorthands are con-
venient
Iηqηq′ = I(mηq ,mηq′ , 0, 0, µ),
I∆ηqηq′ = I(mηq ,mηq′ ,∆, 0, µ),
I∆∆ηqηq′ = I(mηq ,mηq′ ,∆,∆, µ). (6.23)
Specific limits of the function Iηqηq′ appear in [13]. The wavefunction renormalization
factors arising from hairpin diagrams can then be expressed as
Z = 1− µ
2
o
16π2f2
∑
XX′
[
1
2
(CQ)2CXX′IXX′ + 5
9
(HQ)2BXX′I∆∆XX′
]
. (6.24)
The coefficients BXX′ and CXX′ are listed in Table 6.2. The sum in Eq. (6.24) is over
XX ′ = ηuηu, ηuηs, ηsηs. Combining these factors with the tree-level contributions and
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Table 6.2: The SU(3) coefficients BXX′ and CXX′ in QχPT.
BXX′ CXX′
ηuηu ηuηs ηsηs ηuηu ηuηs ηsηs
∆++,∆+,∆0,∆− 1 0 0 0 0 0
Σ∗,+,Σ∗,0,Σ∗,− 49
4
9
1
9
2
9 − 49 29
Ξ∗,0,Ξ∗,− 19
4
9
4
9
2
9 − 49 29
Ω− 0 0 1 0 0 0
Table 6.3: The SU(3) coefficientsDXX′ in QχPT. Decuplet states not listed have DXX′ = 0.
ηuηu ηuηs ηsηs
Σ∗,+ 29 − 19 − 19
Σ∗,0 19 − 118 − 118
Ξ∗,0 19
1
9 − 29
including the corrections from the diagrams in Fig. 6.3, we arrive at the quenched
decuplet magnetic moment
µ = 2µQc QZ +
µ2o
16π2f2
∑
XX′
[
1
2
(QµQF + αDµ
Q
D)(CQ)2CXX′IXX′
]
+
µ2o
16π2f2
∑
XX′
[
22
27
(HQ)2µQc BXX′QI∆∆XX′ −
2
9
CQHQµQTDXX′I∆XX′
]
(6.25)
and the quenched electric quadrupole moment
Q = −2Q
(
µQc +Q
Q
c
2M2B
Λ2χ
)
Z − µ
2
o
16π2f2
M2B
Λ2χ
∑
XX′
(
8
3
CQHQQQTDXX′I∆XX′
)
− µ
2
o
16π2f2
∑
XX′
[
(HQ)2
(
2
9
µQc +
4
9
QQc
M2B
Λ2χ
)
QBXX′I
∆∆
XX′ −
2
3
CQHQµQTDXX′I∆XX′
]
.
(6.26)
In Eq. (6.25) the required values for the constant αD are: αD =
1
3 for Σ
∗,+, Σ∗,0, Σ∗,−,
and Ξ∗,−, and αD = −23 for Ξ∗,0. The coefficients DXX′ are listed in Table 6.3. If a
particular decuplet state is not listed, the value of DXX′ is zero for all singlet pairs
XX ′.
The above expressions can be used to properly extrapolate quenched lattice data
to the physical pion mass. For example, the expression for the quenched magnetic
moments for the ∆ baryons [Eq. (6.25)] reduces to
µ = 2QµQc
(
1− 4
27
µ2o
16π2f2
(HQ)2I∆∆ηuηu
)
. (6.27)
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In the above expression we need
I∆∆XX = log
m2X
µ2
− ∆mX
∆2 −m2X
R
(
∆
mX
)
+ . . . . (6.28)
where the ellipses denote terms analytic inmX . Utilizing a least squares analysis and
using the values µ = 1 GeV and ∆ = 270 MeV , we extrapolate the quenched lattice
data [129] to the physical pion mass and find for the ∆ resonances
µ = 2.89Q [µN ]. (6.29)
This is in contrast to the value µ ≈ 2.49Q [µN ] found from carrying out a χPT-type
extrapolation [140]. Notice that for many of the decuplet states, in particular the
∆ baryons, the quenched magnetic moments and electric quadrupole moments are
proportional to the charge Q (unlike the χPT and PQχPT results). This elucidates the
trends seen in the quenched lattice data [129].
6.3 Conclusions
We have calculated the electromagnetic moments and charge radii for the SU(3) decu-
plet baryons in the isospin limit of PQχPT and also derived the result for the baryon
quartet away from the isospin limit for the SU(2) chiral Lagrangian. The q2 depen-
dence of decuplet form factors at one-loop appears in Appendix E.1. We have also
calculated the QχPT results.
For the decuplet baryons’ electromagnetic moments and charge radii, the opera-
tors, which are included in the QχPT but not in the χPT Lagrangian, enter at NNLO
in the QχPT expansion. Hence, formally our NLO result is not more divergent than
its QCD counterpart. This, however, does not mean that our result is free of quench-
ing artifacts. While the expansions about the chiral limit for QCD and QQCD charge
radii are formally similar, < r2 >∼ α + β logmQ + . . . , the QQCD result consists en-
tirely of quenched oddities: for all decuplet baryons, diagrams that have bosonic or
fermionic mesons running in loops completely cancel so that β = 0. In other words,
the quenched decuplet charge radii have the behavior < r2 >∼ α + . . . and the result
is actually independent of mQ at this order. For the quenched decuplet magnetic mo-
ments and electric quadrupole moments, expansions about the chiral limit are again
formally similar: µ ∼ α + β logmQ + γ√mQ + . . . and Q ∼ α + β logmQ + . . .. How-
ever, quenching forces γ = 0 and both β’s arise from singlet contributions involving the
parameter µo, which is of course absent in QCD. Thus the leading non-analytic quark
mass dependence that remains for these observables is entirely a quenched peculiarity.
PQQCD, on the other hand, is free of such excentric behavior and our PQχPT result
will enable the proper extrapolation of PQQCD lattice simulations of the decuplet elec-
tromagnetic moments and charge radii and we hope it encourages such simulations in
the future.
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Chapter 7
Baryon Decuplet to Octet
Electromagnetic Transitions in
QχPT and PQχPT
In this chapter, we calculate baryon decuplet to octet electromagnetic transition form
factors in quenched and partially quenched chiral perturbation theory. Again, we work
in the isospin limit of SU(3) flavor, up to NLO in the chiral expansion, and to leading
order in the heavy baryon expansion. Our results are necessary for proper extrapola-
tion of lattice calculations of these transitions. We also derive expressions for the case
of SU(2) flavor away from the isospin limit.
7.1 Introduction
The study of the baryon decuplet to octet electromagnetic transitions provides impor-
tant insight into the strongly interacting regime of QCD. Spin-parity selection rules
for these transitions allow for magnetic dipole (M1), electric quadrupole (E2), and
Coulumb quadrupole (C2) amplitudes. Understanding these amplitudes, both in the-
ory and experiment, gives insight into the ground state wavefunctions of the lowest ly-
ing baryons. For example, in the transition of the∆(1232) to the nucleon, if both baryon
wavefunctions are spherically symmetric then the E2 and C2 amplitudes vanish. Ex-
perimentally, M1 is seen to be the dominant amplitude. However, recent experimental
measurements of the quadrupole amplitudes in the∆→ Nγ transition [141,142] show
that the quadrupole amplitudes E2 and C2 are likely non-zero. This has revitalized
the discussion as to the mechanism for deformation of the baryons. Although we ex-
pect more experimental data in the future, progress will be slower for the remaining
transitions as the experimental difficulties are large.
First-principle lattice QCD calculations of these matrix elements can provide a the-
oretical explanation of these experimental results. In fact, the experimental difficul-
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ties may force us to rely on lattice data for the non-nucleonic transitions. Recently
several such lattice calculations [143, 144], which improve upon an earlier one [145],
have appeared. Unfortunately now and foreseeably, these lattice calculations cannot
be performed with the physical masses of the light quarks and must be extrapolated
to the physical light quark masses.
For future lattice calculations that use the partially quenched approximation of
QCD one needs to fit PQχPT to the lattice data in order to determine the low-energy
constants and to actually make physical predictions for QCD. Unfortunately, partially
quenched simulations for the ∆ → Nγ transition do not exist yet; what does exist
are simulations [143, 144] that use the quenched approximation. These simulations
must be fit using QχPT that exhibit the sickness outlined in the previous chapters.
However, we expect to see partially quenched calculations of these form factors in the
near future.
This chapter is organized as follows. In Section 7.2 we calculate baryon decuplet
to octet transition form factors in both QχPT and PQχPT up to NLO in the chiral
expansion and keep contributions to lowest order in the heavy baryonmass,MB . These
calculations are done in the isospin limit of SU(3) flavor. For completeness we also
provide the PQχPT results for the transitions using the SU(2) chiral Lagrangian with
non-degenerate quarks in Appendix F. In Section 7.3 we conclude.
7.2 Baryon Decuplet to Octet Transition
The electromagnetic baryon decuplet to octet transitions have been investigated pre-
viously in χPT [146–149]. Very recently there also has been renewed interest in these
transitions in the large Nc limit of QCD [150]. Here we calculate these transitions in
PQχPT and QχPT. While we have reviewed PQχPT briefly in the last section and our
recent papers [4,5], for QχPT we refer the reader to the literature [11,17–21,48].
Using the heavy baryon formalism [33,115], transition matrix elements of the elec-
tromagnetic current Jρ between a decuplet baryon with momentum p′ and an octet
baryon with momentum p can be parametrized as
〈B(p)|Jρ|T (p′)〉 = u(p)Oρµuµ(p′), (7.1)
where uµ(p) is a Rarita-Schwinger spinor for an on-shell decuplet baryon satisfying
vµuµ(p) = 0 and S
µuµ(p) = 0. The tensor Oρµ can be parametrized in terms of three
independent, Lorentz invariant, dimensionless form factors [151]
Oρµ = G1(q
2)
MB
(q · Sgµρ − qµSρ) + G2(q
2)
(2MB)2
(q · vgµρ − qµvρ)S · q
+
G3(q
2)
4M2B∆
(
q2gµρ − qµqρ)S · q, (7.2)
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where the momentum of the outgoing photon is q = p′ − p. Here we have adopted the
normalization of the G3(q
2) form factor used in [149] so that the leading contributions
to all three form factors are of order unity in the power counting.
Linear combinations of the above form factors at q2 = 0 make the magnetic dipole,
electric quadrupole, and Coulombic quadrupole moments,
GM1(0) =
(
2
3
− ∆
6MB
)
G1(0) +
∆
12MB
G2(0),
GE2(0) =
∆
6MB
G1(0) +
∆
12MB
G2(0),
GC2(0) =
(
1
3
+
∆
6MB
)
G1(0) +
(
1
6
+
∆
6MB
)
G2(0) +
1
6
G3(0). (7.3)
Analysis in PQχPT
Let us first consider the transition form factors in PQχPT. Here, the leading tree-level
contributions to the transition moments come from the dimension-5 and dimension-6
operators
L =
√
3
2
µT
ie
2MB
(BSµQT ν)Fµν +
√
3
2
QT
e
Λ2χ
(
BS{µQT ν}
)
vα∂µFνα (7.4)
where the action of { . . . } on Lorentz indices produces the symmetric traceless part of
the tensor, viz., O{µν} = Oµν +Oνµ− 12gµνOαα. Here the PQQCD low-energy constants
µT and QT have the same numerical values as in QCD.
The NLO contributions in the chiral expansion arise from the one-loop diagrams
shown in Figs. (7.1) and (7.2). However, because of the constraints satisfied by the
on-shell Rarita-Schwinger spinors, the diagrams in Fig. (7.1) are all identically zero.
For the calculation of the diagrams in Fig. (7.2) we need the terms in the Lagrangian
describing the interaction of the Bijk and Tijk with the pseudo-Goldstone mesons given
in Eqs. (5.17) and (6.13):
L = 2α (BSµBAµ)+ 2β (BSµAµB)+
√
3
2
C [(T νAνB)+ h.c.]+ 2H (T νSµAµTν) . (7.5)
We find
G1(0) =
µT
2
αT +
MB
Λ2χ
4HC
∑
X
βTX
∫ 1
0
dx
(
1− x
3
)[
x∆ log
m2X
µ2
−mXR
(
x∆
mX
)]
−MB
Λ2χ
4C(D − F )
∑
X
βBX
∫ 1
0
dx (1 − x)
[
x∆ log
m2X
µ2
+mXR
(
− x∆
mX
)]
,
(7.6)
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Figure 7.1: Loop diagrams that contribute to the transition moments but are zero to the order
we are working. A thin (thick) solid line denotes an octet (decuplet) baryon whereas a dashed
line denotes a meson.

Figure 7.2: Loop diagrams contributing to the transition moments
G2(0) =
M2B
Λ2χ
{
− 4QTαT
+ 16HC
∑
X
βTX
∫ 1
0
dx
x(1− x)
3
[
log
m2X
µ2
+
x∆mX
m2X − x2∆2
R
(
x∆
mX
)]
−16C(D − F )
∑
X
βBX
∫ 1
0
dxx(1− x)
[
log
m2X
µ2
− x∆mX
m2X − x2∆2
R
(
− x∆
mX
)]}
,
(7.7)
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Table 7.1: Tree-level coefficients αT in χPT, QχPT, and PQχPT.
αT
∆→ Nγ 1√
3
Σ∗,+ → Σ+γ − 1√
3
Σ∗,0 → Σ0γ 1
2
√
3
Σ∗,0 → Λγ − 12
Σ∗,− → Σ−γ 0
Ξ∗,0 → Ξ0γ − 1√
3
Ξ∗,− → Ξ−γ 0
and
G3(0) = −M
2
B
Λ2χ
16
[
HC
∑
X
βTX
∫ 1
0
dx
x(1− x)
3
(
x− 1
2
)
∆mX
m2X − x2∆2
R
(
x∆
mX
)
+C(D − F )
∑
X
βBX
∫ 1
0
dxx(1− x)
(
x− 1
2
)
∆mX
m2X − x2∆2
R
(
− x∆
mX
)]
,
(7.8)
where the function R(x) is defined in Eq. (B.2) and we have only kept loop contribu-
tions that are non-analytic in the meson mass mX . The tree-level coefficients αT are
listed in Table 7.1 and the coefficients for the loop diagrams in Fig. (7.2), βTX and β
B
X ,
are given in Tables 7.2 and 7.3, respectively. In these tables we have listed values
corresponding to the loop meson with mass mX . As required, in the QCD limit the
PQχPT coefficients reduce to those of χPT. It is comforting that the one-loop results
for the G3(q
2) form factor are finite. This is consistent with the fact that one cannot
write down a dimension-7 operator that contributes at the same order in the chiral
expansion as our one-loop result for G3(q
2). The full one-loop q2 dependence of these
form factors can easily be recovered by replacing
mX →
√
m2X − x(1− x)q2. (7.9)
Notice that the tree-level transitions Σ∗,− → Σ−γ and Ξ∗,− → Ξ−γ are zero because
they are forbidden by d ↔ s U -spin symmetry [152]. There is also symmetry between
the Σ∗,+ → Σ+γ and Ξ∗,0 → Ξ0γ transitions as well as the Σ∗,− → Σ−γ and Ξ∗,− → Ξ−γ
transitions that holds to NLO in χPT and PQχPT.
Analysis in QχPT
The calculation of the transition moments can be repeated in QχPT. At tree level, the
operators in Eq. (7.4) contribute, but their low-energy coefficients cannot be matched
onto QCD. Therefore we annotate them with a “Q”. At the next order in the chiral ex-
pansion, there are again contributions from the loop diagrams in Fig. (7.2). The results
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Table 7.2: The SU(3) coefficients βTX in χPT and PQχPT.
χPT PQχPT
π K π K ηs ju ru js rs
∆→ Nγ 5
3
√
3
1
3
√
3
1√
3
0 0 2
3
√
3
1
3
√
3
0 0
Σ∗,+ → Σ+γ − 1
3
√
3
− 5
3
√
3
1−3qjl
9
√
3
− 11−3qjl+3qr
9
√
3
1+3qr
9
√
3
− 4−3qjl
9
√
3
− 2−3qr
9
√
3
− 2+3qjl
9
√
3
− 1+3qr
9
√
3
Σ∗,0 → Σ0γ 0 1√
3
− 1−3qjl
9
√
3
13−6qjl+6qr
18
√
3
− 1+3qr
9
√
3
1−3qjl
9
√
3
1−6qr
18
√
3
2+3qjl
9
√
3
1+3qr
9
√
3
Σ∗,0 → Λγ − 23 − 13 − 13 − 16 0 − 13 − 16 0 0
Σ∗,− → Σ−γ − 1
3
√
3
1
3
√
3
− 1−3qjl
9
√
3
2−3qjl+3qr
9
√
3
− 1+3qr
9
√
3
− 2+3qjl
9
√
3
− 1+3qr
9
√
3
2+3qjl
9
√
3
1+3qr
9
√
3
Ξ∗,0 → Ξ0γ − 1
3
√
3
− 5
3
√
3
1−3qjl
9
√
3
− 11−3qjl+3qr
9
√
3
1+3qr
9
√
3
− 4−3qjl
9
√
3
− 2−3qr
9
√
3
− 2+3qjl
9
√
3
− 1+3qr
9
√
3
Ξ∗,− → Ξ−γ − 1
3
√
3
1
3
√
3
− 1−3qjl
9
√
3
2−3qjl+3qr
9
√
3
− 1+3qr
9
√
3
− 2+3qjl
9
√
3
− 1+3qr
9
√
3
2+3qjl
9
√
3
1+3qr
9
√
3
Table 7.3: The SU(3) coefficients βBX in χPT and PQχPT.
χPT PQχPT
π K π K ηs ju ru js rs
∆→ Nγ − D+F√
3(D−F ) − 1√3 D−3F√3(D−F ) 0 0 − 2√3 − 1√3 0 0
Σ∗,+ → Σ+γ 1√
3
D+F√
3(D−F ) −
1−3qjl
3
√
3
− D−7F
3
√
3(D−F ) +
qjl−qr√
3
− 1+3qr
3
√
3
4−3qjl
3
√
3
2−3qr
3
√
3
2+3qjl
3
√
3
1+3qr
3
√
3
Σ∗,0 → Σ0γ 0 − D√
3(D−F )
1−3qjl
3
√
3
− D+5F
6
√
3(D−F ) −
qjl−qr√
3
1+3qr
3
√
3
− 1−3qjl
3
√
3
− 1−6qr
6
√
3
− 2+3qjl
3
√
3
− 1+3qr
3
√
3
Σ∗,0 → Λγ 2D3(D−F ) D3(D−F ) − D−3F3(D−F ) − D−3F6(D−F ) 0 1 12 0 0
Σ∗,− → Σ−γ 1√
3
− 1√
3
1−3qjl
3
√
3
− 2−3qjl+3qr
3
√
3
1+3qr
3
√
3
2+3qjl
3
√
3
1+3qr
3
√
3
− 2+3qjl
3
√
3
− 1+3qr
3
√
3
Ξ∗,0 → Ξ0γ 1√
3
D+F√
3(D−F ) −
1−3qjl
3
√
3
− D−7F
3
√
3(D−F ) +
qjl−qr√
3
− 1+3qr
3
√
3
4−3qjl
3
√
3
2−3qr
3
√
3
2+3qjl
3
√
3
1+3qr
3
√
3
Ξ∗,− → Ξ−γ 1√
3
− 1√
3
1−3qjl
3
√
3
− 2−3qjl+3qr
3
√
3
1+3qr
3
√
3
2+3qjl
3
√
3
1+3qr
3
√
3
− 2+3qjl
3
√
3
− 1+3qr
3
√
3
8
0
Table 7.4: The SU(3) coefficients βB,QX and β
T,Q
X in QχPT.
βT,QX β
B,Q
X
π K π K
∆→ Nγ 1√
3
0 1√
3
(DQ − 3FQ) 0
Σ∗,+ → Σ+γ 0 − 1√
3
0 − 1√
3
(DQ − 3FQ)
Σ∗,0 → Σ0γ 0 1
2
√
3
0 1
2
√
3
(DQ − 3FQ)
Σ∗,0 → Λγ − 13 − 16 − 13 (DQ − 3FQ) − 16 (DQ − 3FQ)
Σ∗,− → Σ−γ 0 0 0 0
Ξ∗,0 → Ξ0γ 0 − 1√
3
0 − 1√
3
(DQ − 3FQ)
Ξ∗,− → Ξ−γ 0 0 0 0
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Figure 7.3: Loop diagrams contributing to the transition form factors in QχPT. The four
diagrams correspond to terms involving the parameters AXX′ , BXX′ , CXX′ , and DXX′ in Eqs.
(7.13) and (7.14).
are the same as in the partially quenched theory, Eqs. (7.6)–(7.8), with the coefficients
βTX and β
B
X replaced by β
T,Q
X and β
B,Q
X /(D
Q − FQ), which are listed in Table 7.4.
In addition, there are contributions of the form µ20 logmq at the same order in the
chiral expansion that are artifacts of quenching. These come from hairpin wavefunc-
tion renormalization diagrams and from the four loop diagrams in Fig. (7.3). In these
diagrams the photon can couple to the baryon line via
L = ie
2MB
[
µQα
(B[Sµ, Sν ]BQ)+ µQβ (B[Sµ, Sν ]QB)]Fµν
+µQc
3ie
MB
(T µQTν)Fµν −QQc 3eΛ2χ
(T {µQT ν})vα∂µFνα (7.10)
and via the terms in Eq. (7.4) including their hermitian conjugates (with quenched
coefficients).1 It is easier to work with the combinations µQD and µ
Q
F defined by
µQα =
2
3
µQD + 2µ
Q
F and µ
Q
β = −
5
3
µQD + µ
Q
F . (7.12)
Although the argument presented in [139] does not apply to the case of different initial
and final states, the axial hairpin interactions still do not contribute simply because
their presence requires closed quark loops. The hairpin wavefunction renormalization
diagrams have been calculated in QχPT for the baryon octet [13] (ZQB ) and decuplet [5]
(ZQT ) and we do not reproduce them here. We find the hairpin contributions to the
1Note that possible contributions from diagrams involving
L =
e
Λ2χ
[
cQα (BBQ) + c
Q
β (BQB)
]
vµ∂νF
µν + cQc
3e
Λ2χ
(
T σQTσ
)
vµ∂νF
µν (7.11)
are identically zero due to the constraints satisfied by the on-shell Rarita-Schwinger spinors.
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transition form factors to be
GHP1 (q
2) =
µQT
2
αT
ZQB − 1
2
ZQT − 1
2
+
µ20
16π2f2
∑
X,X′
[
5
108
HQµQTAXX′IXX′ −
1
18
(CQ)2 µQTBXX′I−∆,∆XX′
− 20
27
HQCQQTµQc CXX′I∆XX′ −
2
3
CQ
(
QTµ
Q
F + αDµ
Q
D
)
DXX′I
∆
XX′
]
,
(7.13)
GHP2 (q
2) = −4QQT αT
M2B
Λ2χ
ZQB − 1
2
ZQT − 1
2
+
µ20
16π2f2
M2B
Λ2χ
∑
XX′
[
2
9
HQQQTAXX′IXX′ +
4
3
(
CQ
)2
Q
Q
TBXX′I
−∆∆
XX′
− 16
9
HQCQQTQQCCXX′I∆XX′
]
, (7.14)
andGHP3 (q
2) = 0. Thus in QχPT:GQj (q
2) = GPQj (q
2)+GHPj (q
2), where the βTX and β
B
X co-
efficients of GPQj (q
2), Eqs. (7.6)–(7.8), are understood to be replaced by their quenched
values βT,QX and β
B,Q
X /(D
Q − FQ). Above we have used the shorthand notation Iηqηq′ =
I(mηq ,mηq′ , 0, 0, µ), I
∆
ηqηq′
= I(mηq ,mηq′ ,∆, 0, µ), and I
∆1,∆2
ηqηq′ = I(mηq ,mηq′ ,∆1,∆2, µ) for
the function I(m1,m2,∆1,∆2, µ) that is given by
I(m1,m2,∆1,∆2, µ) =
Y (m1,∆1, µ) + Y (m2,∆2, µ)− Y (m1,∆2, µ)− Y (m2,∆1, µ)
(m21 −m22)(∆1 −∆2)
(7.15)
with
Y (m,∆, µ) = ∆
(
m2 − 2
3
∆2
)
log
m2
µ2
+
2
3
m(∆2 −m2)R
(
∆
m
)
. (7.16)
The coefficients AXX′ , BXX′ , CXX′ , and DXX′ are listed in Tables 7.5 and 7.6. Note
that the symmetry between the Σ∗,+ → Σ+γ and Ξ∗,0 → Ξ0γ transitions as well as the
Σ∗,− → Σ−γ and Ξ∗,− → Ξ−γ transitions that holds in χPT and PQχPT is now broken
by singlet loop contributions.
7.3 Conclusions
In this chapter we have calculated the baryon octet to decuplet transition form factors
in QχPT and PQχPT using the the isospin limit of SU(3) flavor and have also derived
the result for the nucleon doublet in two flavor PQχPT away from the isospin limit.
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Table 7.5: The SU(3) coefficients AXX′ and BXX′ in QχPT.
AXX′ BXX′
ηuηu ηuηs ηsηs ηuηu ηuηs ηsηs
∆→ Nγ 2√3(DQ − 3FQ) 0 0 0 0 0
Σ∗,+ → Σ+γ 8√
3
FQ − 4√
3
(DQ − 2FQ) − 2√
3
(DQ − FQ) 1
3
√
3
− 2
3
√
3
1
3
√
3
Σ∗,0 → Σ0γ − 4√
3
FQ 2√
3
(DQ − 2FQ) 1√
3
(DQ − FQ) − 1
6
√
3
1
3
√
3
− 1
6
√
3
Σ∗,0 → Λγ − 43 (2DQ − 3FQ) − 23 (DQ − 6FQ) 13 (DQ + 3FQ) 0 0 0
Σ∗,− → Σ−γ 0 0 0 0 0 0
Ξ∗,0 → Ξ0γ − 2√
3
(DQ − FQ) − 4√
3
(DQ − 2FQ) 8√
3
FQ 1
3
√
3
− 2
3
√
3
1
3
√
3
Ξ∗,− → Ξ−γ 0 0 0 0 0 0
Table 7.6: The SU(3) coefficients CXX′ and DXX′ in QχPT.
CXX′ DXX′
ηuηu ηuηs ηsηs ηuηu ηuηs ηsηs
∆→ Nγ 0 0 0 0 0 0
Σ∗,+ → Σ+γ − 2
3
√
3
1
3
√
3
1
3
√
3
− 2√
3
FQ 1√
3
(DQ + FQ) − 1√
3
(DQ − FQ)
Σ∗,0 → Σ0γ 0 0 0 2√
3
FQ − 1√
3
(DQ + FQ) 1√
3
(DQ − FQ)
Σ∗,0 → Λγ 0 0 0 − 43DQ + 2FQ 53DQ − FQ − 13DQ − FQ
Σ∗,− → Σ−γ 2
3
√
3
− 1
3
√
3
− 1
3
√
3
2√
3
FQ − 1√
3
(DQ + FQ) 1√
3
(DQ − FQ)
Ξ∗,0 → Ξ0γ 0 0 0 1√
3
(DQ − FQ) − 1√
3
(DQ + FQ) 2√
3
FQ
Ξ∗,− → Ξ−γ 1
3
√
3
1
3
√
3
− 2
3
√
3
− 1√
3
(DQ − FQ) 1√
3
(DQ + FQ) − 2√
3
FQ
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For the decuplet to octet transition form factors our NLO QχPT results are not
more divergent than their χPT counterparts: G1, G2 ∼ α+ β logmQ and G3 ∼ α. This,
however, does not mean that this result is free of quenching artifacts. The quenched
transition moments pick up contributions from hairpin loops. A particular oddity is
that the quark mass dependence of the Σ∗,− and Ξ∗,− quenched transition moments is
solely due to the singlet parameter µ20; even worse, G
Q
3 (q
2) = 0 at this order. These
transitions thus present extremes of the quenched approximation in agreement with
the quenched lattice data of [145] where the Σ∗,− and Ξ∗,− E2 moments were found to
be significantly different from the other transitions. In contrast to QχPT results, our
PQχPT results will enable not only the extrapolation of PQQCD lattice simulations of
the transition moments but also the extraction of predictions for the real world: QCD.
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Chapter 8
Hadronic Electromagnetic
Properties at Finite Lattice
Spacing
In this chapter we augment the electromagnetic properties of the octet mesons as well
as the octet and decuplet baryons calculated in Chapters 5–7 in QχPT and PQχPT to
include O(a) corrections due to lattice discretization. We present the results for the
SU(3) flavor group in the isospin limit as well as the results for SU(2) flavor with
non-degenerate quarks. These corrections will be useful for extrapolation of lattice
calculations using Wilson valence and sea quarks, as well as calculations using Wilson
sea quarks and Ginsparg-Wilson valence quarks.
8.1 Introduction
In the previous three chapters, we considered the electromagnetic properties of the
octet mesons and both the octet and decuplet baryons in QχPT and PQχPT. Owing
in part to the charge neutrality of singlet fields, the quenched results are not more
singular in the chiral limit than their unquenched counterparts. We showed, however,
that despite this similarity, the quenched results contain singlet contributions that
have no analog in χPT. Moreover, quenching closed quark loops alters the contribu-
tion from chiral logs. For the decuplet baryon form factors, for example, quenching
completely removes these chiral logs. Many others have also observed that the be-
havior of meson loops near the chiral limit is misrepresented in QχPT, see for exam-
ple [2,13,47,130,131]. On the other hand, PQχPT results are devoid of such complica-
tions and allow for a smooth limit to QCD.
Not only are lattice calculations limited to unphysically large quark masses, they
are also severely restricted by two further parameters: the size L of the lattice, that
is not considerably larger than the system under investigation; and the lattice spac-
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ing a, that is not considerably smaller than the relevant hadronic distance scale. To
address the issue of finite lattice spacing, χPT has been extended (following the ear-
lier work of [153–156]) in the meson sector to O(a) for the Wilson action [157] and for
mixed actions [158]. Corrections at O(a2) have also been pursued [159, 160]. Correc-
tions to baryon observables have only recently been investigated [161]. To consider
finite lattice spacing corrections, one must formulate the underlying lattice theory and
match the new operators that appear onto those in the chiral effective theory. This
can be done by utilizing a dual expansion in quark mass and lattice spacing. Follow-
ing [159,161], we assume a hierarchy of energy scales
mq ≪ Λχ ≪ 1
a
(8.1)
and ignore finite volume effects. The small dimensionless expansion parameters are
ǫ2 ∼


mq/Λχ,
aΛχ,
p2/Λ2χ
(8.2)
where p is an external momentum. Thus we have a systematic way to calculate O(a)
corrections in χPT for the observables of interest.
In this chapter we investigate the O(a) corrections to the electromagnetic proper-
ties of the meson and baryon octets, the baryon decuplet, and the decuplet to octet
electromagnetic transitions in QχPT and PQχPT. We work up to NLO in the chiral ex-
pansion and to leading order in the heavy baryon expansion. The paper is structured
as follows. First, in Section 8.2, we review PQχPT at finite lattice spacing with mixed
actions. Since the setup for QχPT parallels that of PQχPT, we will only highlight
differences where appropriate. Next in Section 8.3 we calculate finite lattice spacing
corrections to the charge radii of the octet mesons to O(ǫ2). This is followed by the
calculation of such corrections to: the charge radii and magnetic moments of the octet
baryons; the charge radii, magnetic moments, and electric quadrupole moments of the
decuplet baryons; and the decuplet to octet electromagnetic transition moments (Sec-
tions 8.4–8.6). Corresponding results for the above electromagnetic observables in the
SU(2) flavor group are presented in Appendix G.1. In Appendix G.2 we determine the
O(a) corrections in an alternative power counting scheme for coarser lattices where
ǫ ∼ aΛχ. A conclusion appears in Section 8.7.
8.2 PQχPT at Finite Lattice Spacing
In PQQCD [22–29] the quark part of the Symanzik Lagrangian [153,162,163] to O(a)
is written as
L = Q (iD/ −mQ)Q+ aQσµνGµν cQQ, (8.3)
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where the second term, the Pauli-term, breaks chiral symmetry in the same way
as the quark mass term. Here, the nine quarks of PQQCD are in the fundamen-
tal representation of the graded group SU(6|3) [14–16] and appear in the vector
Q = (u, d, s, j, l, r, u˜, d˜, s˜) that obeys the graded equal-time commutation relation in
Eq. (2.30). The quark mass matrixmQ is given in Eq. (2.45) while the Sheikholeslami-
Wohlert (SW) [164] coefficient matrix for mixed actions reads
cQ = diag(c
v, cv , cv, cs, cs, cs, cv , cv, cv). (8.4)
If the quark Qi is a Wilson fermion [10], then (cQ)i = csw. Alternately, if Qi is of the
Ginsparg-Wilson variety [165] (e.g., Kaplan fermions [166] or overlap fermions [167]),
then (cQ)i = 0. Since one expects simulations to be performed with valence quarks
that are all of the same species as well as sea quarks all of the same species, we have
labeled the SW coefficients in Eq. (8.4) by valence (v) and sea (s) instead of flavor. In
the limit mj = mu, ml = md, andmr = ms one recovers QCD at O(a).
In addition to the SW term in Eq. (8.3), the vector-current operator of PQQCD also
receives corrections at O(a). There are three operator structures to consider [168]
Oµ0 = aQQ c0mQ γµQ
Oµ1 = aQQ c1
(
i
←→
D µ
)
Q
Oµ2 = aDν
(
QQ c2 σµν Q
)
, (8.5)
where
←→
D µ =
←−
Dµ − −→Dµ and Dµ is the gauge covariant derivative. The form of the
matrices c0, c1, and c2 in PQQCD is
cj = diag
(
cvj , c
v
j , c
v
j , c
s
j , c
s
j , c
s
j , c
v
j , c
v
j , c
v
j
)
, (8.6)
where cvj and c
s
j are the coefficients of the vector-current correction operator Oµj for
valence and sea quarks respectively. If the vector-current operator is O(a) improved in
the valence (sea) sector, then cvj = 0 ( c
s
j = 0 ). The operator Oµ0 , which corresponds to
a renormalization of the vector current, contains a factor of amQ that renders it O(ǫ4).
Thus contributions to electromagnetic observables from Oµ0 are neglected below. The
equations of motion which follow from Eq. (8.3) can be used to show that the operator
Oµ2 is redundant up to O(a2) corrections. Therefore, we need not consider Oµ2 . For ease
we define the matrix product c1,Q = Qc1.
8.2.1 Mesons
For massless quarks at zero lattice spacing, the Lagrangian in Eq. (8.3) exhibits a
graded symmetry SU(6|3)L⊗SU(6|3)R⊗U(1)V that is assumed to be spontaneously bro-
ken down to SU(6|3)V ⊗U(1)V . The low-energy effective theory of PQQCD that results
from expanding about the physical vacuum state is PQχPT. The emerging 80 pseudo-
Goldstone mesons can be described at O(ǫ2) by a Lagrangian which accounts now for
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the two sources of explicit chiral symmetry breaking [153,157,158]
L = f
2
8
str
(
DµΣ†DµΣ
)
+ λm str
(
mQΣ+m
†
QΣ
†
)
+ α∂µΦ0∂µΦ0 − µ20Φ20
+aλa str
(
cQΣ+ c
†
QΣ
†
)
(8.7)
where Σ, Φ, M , M˜ , and χ are defined in Eqs. (2.15), (2.47), (2.48), and (2.49). Ex-
panding the Lagrangian in Eq. (8.7) one finds that to lowest order mesons with quark
content QQ¯′ have mass
m2QQ′ =
4
f2
[
λm(mQ +mQ′) + aλa(cQ + cQ′)
]
. (8.8)
The flavor singlet field is Φ0 = str(Φ)/
√
6. It is rendered heavy by the U(1)A
anomaly and can be integrated out in PQχPT, with its mass µ0 taken on the order
of the chiral symmetry breaking scale, µ0 → Λχ. In this limit the propagator of the
flavor singlet field is independent of the coupling α and deviates from a simple pole
form [22,23]. In QχPT, the singlet must be retained.
8.2.2 Baryons
At leading order in the heavy baryon expansion and at O(a), the free Lagrangian
for the 240-dimensional super-multiplet Bijk and the 138-dimensional super-multiplet
T µijk fields is given by [11,161]
L = i (Bv · DB)+ 2αM (BBM+)+ 2βM (BM+B)+ 2σM (BB) str (M+)
+2αA
(BBA+)+ 2βA (BA+B)+ 2σA (BB) str (A+)
−i (T µv · DTµ)+∆ (T µTµ)+ 2γM (T µM+Tµ)− 2σM (T µTµ) str (M+)
+2γA
(T µA+Tµ)− 2σA (T µTµ) str (A+) , (8.9)
whereM+ = 12
(
ξ†mQξ† + ξmQξ
)
and A+ = 12a
(
ξ†cQξ† + ξcQξ
)
. The parenthesis nota-
tion used in Eq. (8.9) is defined in Eq. (2.62). Notice that the presence of the chiral
symmetry breaking SW operator in Eq. (8.3) has lead to new O(a) operators (and new
constants αA, βA, σA, γA, and σA) in Eq. (8.9). The Lagrangian describing the interac-
tions of the Bijk and T µijk with the pseudo-Goldstone mesons is given in Eq. (7.5). with
the axial-vector and vector meson fields Aµ and V µ defined in Eq. (5.18).
8.3 Octet Meson Properties
The electromagnetic form factor G(q2) of an octet meson φ has the form
〈φ(p′)|Jµ|φ(p)〉 = G(q2)(p + p′)µ (8.10)
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where qµ = (p′ − p)µ. At zero momentum transfer G(0) = Q, where Q is the charge of
φ. The charge radius r is related to the slope of G(q2) at q2 = 0, namely
< r2 >= 6
d
dq2
G(q2)
∣∣∣
q2=0
. (8.11)
Recall, at one-loop order in the chiral expansion the charge radii are O(ǫ2) (see Chap-
ter 5).
There are two finite-a terms in the O(ǫ4) Lagrangian [159]
L = αA,4 8aλa
f2
str(DµΣ
†DµΣ)str(cQΣ+ c
†
QΣ
†) + αA,5
8aλa
f2
str(DµΣ
†DµΣ(cQΣ+ c
†
QΣ
†))
(8.12)
that contribute to meson form factors at tree level. The new parameters αA,4 and αA,5
in Eq. (8.12) are finite lattice spacing analogues of the dimensionless Gasser-Leutwyler
coefficients α4 and α5 of χPT [8]. The above terms contribute to meson form factors at
O(ǫ2) but their contributions are independent of q2 and annihilated by the correspond-
ing wavefunction renormalization, thus ensuring charge non-renormalization.
The SW term can potentially contribute at O(ǫ2) when A+ is inserted into the ki-
netic term of the leading-order L in Eq. (8.7). Contributions to form factors from such
terms vanish by charge non-renormalization. Insertions of A+ into the α9 term of the
Gasser-Leutwyler Lagrangian produces the O(ǫ6) terms
L = im1ΛχFµν str
(
{Q+,A+}DµΣDνΣ† + {Q+,A+}DµΣ†DνΣ
)
+im2ΛχFµν str
(
Q+DµΣA+DνΣ† +Q+DµΣ†A+DνΣ
)
+im3ΛχFµν str
(
Q+DµΣDνΣ† +Q+DµΣ†DνΣ
)
str(A+), (8.13)
where we have defined Q+ = 12
(
ξ†Qξ† + ξQξ). These terms contribute at O(ǫ4) to the
charge radii and can be ignored (see Appendix G.2 for discussion relating to larger
lattice spacings).
Additionally we must consider the contribution from the vector-current correction
operator Oµ1 in Eq. (8.5). In the meson sector, the leading operators Oµ1 in the effective
theory can be ascertained by inserting aΛχc1,Q in place of Q in the operators that
contribute to form factors. The effective field theory operators must also preserve the
charge of the meson φ. It is easiest to embed the operators Oµ1 in a Lagrangian so that
electromagnetic gauge invariance is manifest. To leading order, the contribution from
Oµ1 is contained in the term
L = iαA,9 aΛχFµν str
(
c1,Q∂µΣ∂νΣ† + c1,Q∂µΣ†∂νΣ
)
. (8.14)
Thus the correction to meson form factors from Oµ1 is at O(ǫ4).
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The charge radius of the meson φ to O(ǫ2) then reads
< r2 >= α9
24Q
f2
+
1
16π2f2
∑
X
AX log
m2X
µ2
, (8.15)
where X corresponds to loop mesons having mass mX [the masses implicitly include
the finite lattice spacing corrections given in Eq. (8.8), otherwise the expression is
identical to the a = 0 result]. The coefficients AX in PQχPT appear in Chapter 5. In the
case of QχPT, the coefficients AX = 0 for all loop mesons and there are no additional
contributions from the singlet field at this order. Thus there is neither quark mass
dependence nor lattice spacing dependence in the quenched meson charge radii at this
order.
8.4 Octet Baryon Properties
Baryon matrix elements of the electromagnetic current Jµ can be parametrized in
terms of the Dirac and Pauli form factors F1 and F2, respectively, as outlined in Chap-
ter 5. Recall, that the one-loop contributions in the chiral expansion to the charge radii
are O(ǫ2), while those to the magnetic moments are O(ǫ).
There are no finite-a operators in Eq. (8.9) that contribute to octet baryon form
factors. As in the meson sector, however, the SW term could contribute when A+ is
inserted into the Lagrangian. Here and henceforth we do not consider these insertions
into the kinetic terms in Eq. (8.9) because their contributions alter the baryon charges
and will be canceled by the appropriate wavefunction renormalization.
The SW term, however, does contribute when A+ is inserted into the charge radius
and magnetic moment terms. For the charge radius, we then have the O(a) terms
L = b1
Λχ
(−)(ηi+ηj)(ηk+ηk′ )Bkji{Q+,A+}kk′Bijk′ vµ∂νFµν
+
b2
Λχ
Bkji{Q+,A+}ii′Bi′jk vµ∂νFµν + b3
Λχ
(−)ηi′ (ηj+ηj′ )BkjiQii′+Ajj
′
+ Bi
′j′kvµ∂νF
µν
+
b4
Λχ
(−)ηi(ηj+ηj′ )BkjiQjj′+ Aii
′
+ Bi
′j′k vµ∂νF
µν
+
b5
Λχ
(−)ηjηj′+1Bkji
(
Qij′+ Aji
′
+ +Aij
′
+ Qji
′
+
)
Bi′j′k vµ∂νFµν
+
1
Λχ
[
b6
(BBQ+)+ b7 (BQ+B)] vµ∂νFµν str(A+) + b8
Λχ
(BB) vµ∂νFµν str(Q+A+),
(8.16)
that contribute at O(ǫ4) to the charge radii and are thus neglected. Insertions of A+
91
into the magnetic moment terms produce
L = ib′1(−)(ηi+ηj)(ηk+ηk′ )Bkji[Sµ, Sν ]{Q+,A+}kk
′Bijk′Fµν
+ib′2Bkji[Sµ, Sν ]{Q+,A+}ii
′Bi′jkFµν + ib′3(−)ηi′ (ηj+ηj′ )Bkji[Sµ, Sν ]Qii
′
+Ajj
′
+ Bi
′j′kFµν
+ib′4(−)ηi(ηj+ηj′ )Bkji[Sµ, Sν ]Qjj
′
+ Aii
′
+ Bi
′j′kFµν
+ib′5(−)ηjηj′+1Bkji[Sµ, Sν ]
(
Qij′+ Aji
′
+ +Aij
′
+ Qji
′
+
)
Bi′j′kFµν
+i
[
b′6
(B[Sµ, Sν ]BQ+)+ b′7 (B[Sµ, Sν ]Q+B)]Fµνstr(A+)
+ib′8
(B[Sµ, Sν ]B)Fµνstr(Q+A+), (8.17)
which are O(ǫ2) corrections to the magnetic moments and can be discarded [161].
Finally we assess the contribution from the operator Oµ1 in Eq. (8.5). As in the
meson sector, the charge preserving operators can be constructed by the replacement
Q → aΛχc1,Q in leading-order terms. Again it is easier to embed these operators in L so
that gauge invariance is transparent. For the charge radius, the leading vector-current
correction operator is contained in the term
L = a
Λχ
[
cA,α
(BBc1,Q)+ cA,β (Bc1,QB)] vµ∂νFµν , (8.18)
which leads to O(ǫ4) corrections. For the magnetic moment operator, such a replace-
ment leads to
L = ia
2
[
µA,α
(B[Sµ, Sν ]Bc1,Q)+ µA,β (B[Sµ, Sν ]c1,QB)]Fµν , (8.19)
and corrections that are of higher order than the one-loop results [161]. See Ap-
pendix G.2 for results in an alternate power counting scheme.
To O(ǫ2) the baryon charge radii are thus
< r2E > = −
6
Λ2χ
(Qc− + αDc+) +
3
2M2B
(QµF + αDµD)
− 1
16π2f2
∑
X
[
AX log
m2X
µ2
− 5βX log m
2
X
µ2
+ 10β′XG(mX ,∆, µ)
]
(8.20)
and the magnetic moments to O(ǫ) read
µ = (QµF + αD µD) +
MB
4πf2
∑
X
[
βXmX + β
′
XF(mX ,∆, µ)
]
. (8.21)
The a-dependence is treated as implicit in the meson masses. The PQχPT coefficients
AX , βX , and β
′
X can be found in Tables 5.2–5.10 of Chapter 5 and in Ref. [31] along
with the functions F(mX ,∆, µ) and G(mX ,∆, µ). The quenched charge radii at O(ǫ2)
are similar in form (although AX = 0 in QχPT) due to the lack of singlet contribu-
tions at this order. The QχPT coefficients βQX and β
Q′
X appear in [4,13]. The quenched
magnetic moments, however, receive additional contributions from singlet loops. The
relevant formula of [13] are not duplicated here in the interests of space but only need
trivial modification by taking into account the a-dependence of meson masses.
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8.5 Decuplet Baryon Properties
Decuplet matrix elements of the electromagnetic current Jρ have been calculated in
Chapter 6 where it was found that the charge radii are O(ǫ2) at NLO in the chiral
expansion, while the magnetic moments areO(ǫ) and the electric quadrupole moments
are O(ǫ0). At one-loop order in the chiral expansion, the magnetic octupole moment is
zero.
There are no finite-a operators in Eq. (8.9) that contribute to decuplet baryon form
factors. The SW term can potentially contribute when A+ is inserted into the La-
grangian. There are three such terms: the charge radius, magnetic moment, and
electric quadrupole terms. Insertions of A+ into the charge radius term produces
L = d1
Λχ
T σ,kji{Q+,A+}ii′T i′jkσ vµ∂νFµν +
d2
Λχ
(−)ηi′ (ηj+ηj′ ) T σ,kjiQii′+Ajj
′
+ T i
′j′k
σ vµ∂νF
µν
+
d3
Λχ
(T σQ+Tσ) vµ∂νFµν str(A+) + d4
Λχ
(T σTσ) vµ∂νFµν str(Q+A+). (8.22)
These contribute to decuplet charge radii at O(ǫ4). As in the octet sector, insertions of
A+ into the magnetic moment term, namely
L = i d′1T kjiµ {Q+,A+}ii
′T i′jkν Fµν + i d′2(−)ηi′ (ηj+ηj′ ) T kjiµ Qii
′
+Ajj
′
+ T i
′j′k
ν F
µν
+i d′3
(T µQ+Tν)Fµν str(A+) + i d′4 (T µTν)Fµν str(Q+A+), (8.23)
produce O(ǫ2) corrections. Likewise, insertions of A+ into the electric quadrupole term
have the form1
L = d
′′
1
Λχ
T {µ,kji{Q+,A+}ii′T ν},i′jk vα∂µFνα
+
d′′2
Λχ
(−)ηi′ (ηj+ηj′ ) T {µ,kjiQii′+Ajj
′
+ T ν},i
′j′kvα∂µFνα
+
d′′3
Λχ
(
T {µQ+T ν}
)
vα∂µFνα str(A+) + d
′′
4
Λχ
(
T {µT ν}
)
vα∂µFνα str(Q+A+),
(8.24)
and produce O(ǫ2) corrections. All of these corrections are of higher order than the
one-loop results.
Finally we assess the contribution from the operator Oµ1 in Eq. (8.5). The effective
operators can be constructed by replacing Q by aΛχc1,Q in LO terms. Embedding these
terms in a Lagrangian, we have
L = 3a cA,c
Λχ
(T σc1,QTσ) vµ∂νFµν + 3ia µA,c (T µc1,QTν)Fµν
−3aQA,c
Λχ
(
T {µc1,QT ν}
)
vα∂µFνα. (8.25)
1The action of {...} on Lorentz indices produces the symmetric traceless part of the tensor, viz.,O{µν} =
Oµν +Oνµ − 1
2
gµνOαα .
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Each of these terms leads to corrections of higher order than the one-loop results and
can be dropped. Thus at this order the only finite lattice spacing corrections to decuplet
electromagnetic properties appear in the meson masses. For reference, the expressions
are
< r2E > = Q
(
2µc − 1
M2B
+
Qc + 6cc
Λ2χ
)
−1
3
9 + 5C2
16π2f2
∑
X
AX log
m2X
µ2
− 25
27
H2
16π2f2
∑
X
AXG(mX ,∆, µ), (8.26)
µ = 2µcQ− MBH
2
36πf2
∑
X
AXF(mX ,∆, µ)− C
2MB
8πf2
∑
X
AXmX , (8.27)
and
Q = −2Q
(
µc +Qc
2M2B
Λ2χ
)
+
M2BC2
24π2f2
∑
X
AX log
m2X
µ2
− M
2
BH2
54π2f2
∑
X
AXG(mX ,∆, µ).
(8.28)
The coefficients AX are tabulated in Table 6.1. Extending the result to QχPT, where
AX = 0, one must include additional contributions from singlet loops. With finite
lattice spacing corrections, the expressions are identical to those in Chapter 6 except
with masses given by Eq. (8.8). Thus for brevity we do not reproduce them here.
8.6 Decuplet to Octet Baryon Transition Properties
The decuplet to octet matrix elements of the electromagnetic current Jµ have been
calculated in Chapter 7. There we found, that at next-to-leading order in the chiral
expansion, G1(q
2) is O(ǫ) while G2(q2) and G3(q2) are O(ǫ0).2
There are no new finite-a operators in Eq. (8.9) that contribute to decuplet to octet
transition form factors. Insertion of A+ into leading-order transition terms leads to
corrections of O(ǫ2) or smaller. For completeness the terms are:
L = it1BkjiSµQil+Ali
′
+ T i
′jk
ν F
µν + it2BkjiSµAil+Qli
′
+ T i
′jk
ν F
µν
+it3(−)ηi′ (ηj+ηj′ ) BkjiSµQii′+Ajj
′
+ T i
′j′k
ν F
µν + it4(−)ηi′ (ηj+ηj′ )BkjiSµAii′+Qjj
′
+ T i
′j′k
ν F
µν
+it5
(BSµQ+Tν)Fµν str(A+), (8.29)
2Here, we count ǫ ∼ ∆/MB .
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for the magnetic dipole transition; and
L = t
′
1
Λχ
BkjiS{µQil+Ali
′
+ T ν},i
′jk vα∂µFνα +
t′2
Λχ
BkjiS{µAil+Qli
′
+ T ν},i
′jk vα∂µFνα
+
t′3
Λχ
(−)ηi′ (ηj+ηj′ ) BkjiS{µQii′+Ajj
′
+ T ν},i
′j′k vα∂µFνα
+
t′4
Λχ
(−)ηi′ (ηj+ηj′ )BkjiS{µAii′+Qjj
′
+ T ν},i
′j′k vα∂µFνα
+
t′5
Λχ
(
BS{µQ+T ν}
)
vα∂µFνα str(A+), (8.30)
for the quadrupole transition. Finally, insertion of A+ into the PQχPT term propor-
tional to i(BSµQT ν)∂α∂µFνα leads to
L = it
′′
1
Λ2χ
BkjiSµQil+Ali
′
+ T i
′jk
ν ∂
α∂µF να +
it′′2
Λ2χ
BkjiSµAil+Qli
′
+ T i
′jk
ν ∂
α∂µF να
+
it′′3
Λ2χ
(−)ηi′ (ηj+ηj′ ) BkjiSµQii′+Ajj
′
+ T i
′j′k
ν ∂
α∂µF να
+
it′′4
Λ2χ
(−)ηi′ (ηj+ηj′ )BkjiSµAii′+Qjj
′
+ T i
′j′k
ν ∂
α∂µF να
+
it′′5
Λ2χ
(BSµQ+Tν) ∂α∂µF να str(A+), (8.31)
for the Coulomb quadrupole transition.
Similarly, constructing Oµ1 in the effective theory by replacingQwith aΛχc1,Q in the
transition operators leads to terms of at least O(ǫ2) which are contained in the terms
L = ia µA,T
√
3
8
(BSµc1,QTν)Fµν + aQA,T
Λχ
√
3
2
(
BS{µc1,QT ν}
)
vα∂µFνα
+
ia cA,T
Λ2χ
√
3
2
(BSµc1,QT ν) ∂α∂µFνα. (8.32)
All of these corrections from effective Oµ1 operators are of higher order than the one-
loop results. Thus at this order, the only finite lattice spacing corrections to the tran-
sition moments appear in the meson masses. For reference the expressions are
G1(0) =
µT
2
αT − 4πHCMB
Λ2χ
∑
X
βTX
∫ 1
0
dx
(
1− x
3
)
F(mX , x∆, µ)
+4πC(D − F )MB
Λ2χ
∑
X
βBX
∫ 1
0
dx(1− x)F(mX ,−x∆, µ), (8.33)
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G2(0) =
M2B
Λ2χ
{
− 4QTαT + 16HC
∑
X
βTX
∫ 1
0
dx
x(1− x)
3
G(mX , x∆, µ)
−16C(D − F )
∑
X
βBX
∫ 1
0
dxx(1− x)G(mX ,−x∆, µ)
}
, (8.34)
and
G3(0) = −16M
2
B
Λ2χ
∑
X
∫ 1
0
dx x(1− x)
(
x− 1
2
)
∆mX
m2X − x2∆2
×
[
1
3
HC βTX R
(
x∆
mX
)
+ C(D − F )βBX R
(
− x∆
mX
)]
. (8.35)
The coefficients βT and βB are given in Tables 7.2 and 7.3, the function R(x) is defined
in Eq. (B.2). Extending the result to QχPT, where the coefficients are replaced with
their quenched counterparts βQB and β
Q
T , one must include additional contributions
from singlet loops. With finite lattice spacing corrections the expressions are identical
to those in Chapter 7 except with masses given by Eq. (8.8). Thus for brevity we do not
reproduce them here.
8.7 Conclusions
In this chapter we have calculated the finite lattice spacing corrections to hadronic
electromagnetic observables in both QχPT and PQχPT for the SU(3) flavor group in
the isospin limit and the SU(2) group with non-degenerate quarks. In the power count-
ing scheme of [159,161], O(a) corrections contribute to electromagnetic observables at
higher order than the one-loop chiral corrections. Thus finite lattice spacing manifests
itself only in the meson masses at this order.
In practice one should not adhere rigidly to a particular power-counting scheme.
Each observable should be treated on a case by case basis. The actual size of a and
additionally the size of counterterms are needed to address the relevance of O(a) cor-
rections for real lattice data. For this reason we have presented an exhaustive list
of O(a) operators relevant for hadronic electromagnetic properties. In an alternate
power counting for a coarser lattice (as explained in Appendix G.2), some of the op-
erators listed above contribute at the same order as the one-loop results in the chiral
expansion.
The corrections detailed in Appendix G.2 in the baryon sector may also be necessary
if one goes beyond the heavy baryon limit (that is, including 1/MB corrections). For
example, in the case of the octet baryon magnetic moment [see Eq. (8.21)] at NLO in
the heavy baryon expansion µ would be known to O(ǫ2). Thus O(a) corrections in the
power counting of Eq. (8.2) are needed since they are also O(ǫ2).
Knowledge of the low-energy behavior of PQQCD at finite lattice spacing is crucial
to extrapolate lattice calculations from the quark masses used on a finite lattice to the
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physical world. The formal behavior of the PQQCD electromagnetic observables in the
chiral limit has the same form as in QCD. Moreover, there is a well-defined connection
to QCD and one can reliably extrapolate lattice results down to the quark masses
of reality. For simulations using unimproved lattice actions (with Wilson quarks or
mixed quarks), our results will aid in the continuum extrapolation and will help lattice
simulations make contact with real-world data.
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Chapter 9
Summary
In this thesis we have presented model-independent analytic results for various ob-
servables in the one meson and one baryon sectors in the effective field theories QχPT
and PQχPT. These results are needed to extrapolate lattice QCD simulations which
use light quarks that are heavier than those in nature.
In particular, LQCD simulations that use the quenched approximations need to use
the appropriate low-energy theory, QχPT, to do this extrapolations. Although QχPT
is the proper theory to extrapolate quenched simulations, it is problematic to draw
conclusions from the results for real-world QCD. The reason for this is that the flavor
singlet—the equivalent of the η′ in QCD—is not heavy in QQCD and cannot be inte-
grated out. As a consequence, QχPT results are usually plagued by quenching artifacts
and found to be more divergent in the infrared limit (mq → 0) than their χPT coun-
terparts. More general there is no relation between the low-energy constants in QχPT
and those in χPT. Hence, extrapolated quenched lattice data is unrelated to QCD.
Recently, more and more lattice QCD simulations are performed using the partially
quenched approximation of QCD. The proper method of extrapolating PQQCD data
to the physical regime is to use PQχPT. In contrast to QχPT, PQχPT does have an
analytic connection the QCD: In the limit where the sea quark masses are equal to
the valence (and ghost) quark masses one recovers QCD. In particular, the low-energy
constants of PQχPT have the same numerical values as their counterparts in χPT.
Thus, PQχPT not only enables a clean extrapolation of PQQCD lattice data to the
physical regime but it also accurate physical predictions for the real world: QCD.
The first half of this thesis (Chapters 3 and 4) is concerned with the calculation of
several observables in the heavy-light meson sector:
In Chapter 3, we calculate chiral 1/M2 corrections to the semileptonic B(∗) → D(∗)
decays at zero recoil in QχPT that are due to the breaking of heavy quark symmetry. In
Chapter 4, the emphasize is shifted to the investigation of finite volume effects in the
lattice QCD treatment of the heavy-light meson sector. In particular, we investigate
the role of the vector-pseudoscalar mass splitting,∆. We find that finite volume effects
arising from the propagation of Goldstone mesons in the effective theory are significant
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and can be altered by the presence of the scale ∆.
The second part of this work (Chapters 5–7) contains a number of calculations of
hadronic properties in the one-baryon sector:
Specifically, in Chapter 5 we calculate the electric charge radii of the SU(3) octet
baryons in QχPT and PQχPT (we also include this calculation for the SU(3) pseu-
doscalar mesons). We find that in the QχPT calculation new operators, which appear
because the flavor singlet must be retained, enter at NNLO. Although these do not
render the quenched NLO result more divergent than its QCD counterpart, quenching
artifacts do show up: Not only are the low-energy constants different in QχPT and
χPT, but for certain baryons the diagrams which have bosonic or fermionic mesons
running in loops cancel so that the quenched result is actually independent of mQ! We
come to similar findings in Chapter 6, where we calculate electromagnetic properties of
the decuplet baryons in QχPT and PQχPT. Here, the expansions about the chiral limit
for QCD and QQCD charge radii are formally similar, but the QQCD result consists
entirely of quenched oddities. In Chapter 7, we determine baryon decuplet to octet
electromagnetic transition form factors in QχPT and PQχPT and—once again—come
to similar results: In contrast to the quenched transition moments that pick up con-
tributions from hairpin loops, the PQχPT is analytically connected to the χPT results:
The low-energy parameters have similar values in the two theories. In Chapter 8 we
augment all these calculations to include O(a) corrections which are due to lattice dis-
cretization using two different power-counting schemes. Our results are important to
extrapolate simulations that use unimproved lattice actions (with Wilson quarks or
mixed quarks).
This is an exciting time for nuclear physics as for the first time rigorous predictions
for the structure and interactions of nuclei from QCD using lattice simulations seem
within reach. This development is caused by the availability of faster computers as
well as by the conceptual advances in lattice computing algorithms and it will enable
the simulation of many baryon properties with improved precision in PQQCD. How-
ever, it will be some time before real simulations with light physical quarks become
feasible. Until then, the lattice results for all these quantities need to be extrapolated
to real-world QCD using PQχPT. Furthermore, effects due to finite lattice spacing and
due to finite lattice volume must be taken into account and included in the PQχPT
treatment. Many quantities in the one-hadron sector still await such treatment, mak-
ing this a very exciting area for future research.
Another thrilling avenue of research is the two-nucleon sector. Although this sys-
tem is much more complicated than a single nucleon, lattice simulations of this system
now appear feasible and promise predictions about the nucleon-nucleon interaction
directly from QCD. The lattice QCD treatment of the two-nucleon sector has just be-
gun [84–86,114], is still largely uninvestigated, and offers great opportunity for future
research.
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Appendix A
Baryon Transformations for
Flavor SU(2|2) and SU(4|2)
Table A.1: Embedding of the baryon doublet and quartet for SU(2|2)V for QQCD.
Doublet Quartet
SU(2)v ⊗ SU(2)g dim SU(2)v ⊗ SU(2)g dim
qqq (2,1) 2 (4,1) 4
qqq˜ (3,2)⊕ (1,2) 8 (3,2) 6
qq˜q˜ (2,3)⊕ (2,1) 8 (2,3) 6
q˜q˜q˜ (1,2) 2 0
20 16
Table A.2: Embedding of the baryon doublet and quartet for SU(4|2)V for PQQCD.
Doublet Quartet
SU(2)v ⊗ SU(2)s ⊗ SU(2)g dim SU(2)v ⊗ SU(2)s ⊗ SU(2)g dim
qqq (2,1,1) 2 (4,1,1) 4
qqqs (3,2,1)⊕ (1,2,1) 8 (3,2,1) 6
qqsqs (2,3,1)⊕ (2,1,1) 8 (2,3,1) 6
qsqsqs (1,2,1) 2 (1,4,1) 4
qqq˜ (3,1,2)⊕ (1,1,2) 8 (3,1,2) 6
qqsq˜ (2,2,2)⊕ (2,2,2) 16 (2,2,2) 8
qsqsq˜ (1,3,2)⊕ (1,1,2) 8 (1,3,2) 6
qq˜q˜ (2,1,3)⊕ (2,1,1) 8 (2,1,1) 2
qsq˜q˜ (1,2,3)⊕ (1,2,1) 8 (1,2,1) 2
q˜q˜q˜ (1,1,2) 2 0
70 44
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Appendix B
Formulae relevant for B(∗) → D(∗)
at Zero Recoil in QχPT
We list the functions H1, H2, F1, H5, H8, and G5 (some of which have appeared in the
literature before [45,60]). Here, m = mqq is the mass of the qq¯ light meson in the loop
where q = u, d, or s is the light (spectator) quark content of the heavy mesons. We have
calculated loop integrals in d = 4−2ǫ dimensions and used dimensional regularization
with the minimal subtraction (MS) scheme, where
1/ǫ′ ≡ 1/ǫ− γE + log 4π + 1. (B.1)
As a shorthand we have defined the function
R(x) =
√
x2 − 1 log
(
x−√x2 − 1 + iǫ
x+
√
x2 − 1 + iǫ
)
, (B.2)
which occurs frequently. We also need its derivative dR/dx given by
R′(x) =
x
x2 − 1R(x)− 2. (B.3)
For the calculation of the wave function renormalization contribution we need the
derivatives of the loop integrals for the diagrams in Fig. 3.1:
H1(∆) =
i
16π2
[
log
m2
µ2
− 1
ǫ′
− 1−R′
(
∆
m
)]
, (B.4)
H2(∆) =
i
16π2
[
16
3
∆2 − 10
3
m2 + 2(m2 −∆2)
(
log
m2
µ2
− 1
ǫ′
)
+
4
3
∆mR
(
∆
m
)
+
(
2
3
∆2 − 5
3
m2
)
R′
(
∆
m
)]
, (B.5)
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and
F1(∆) =
i
16π2
[
10
3
∆2 − 4
3
m2 +
(
m2 − 2∆2)(log m2
µ2
− 1
ǫ′
)
+
4
3
∆mR
(
∆
m
)
+
2
3
(∆2 −m2)R′
(
∆
m
)]
. (B.6)
For the loop integrals of the vertex corrections one finds
H5(∆, ∆˜) =
i
16π2
{
log
m2
µ2
− 1
ǫ′
− 1− m
∆− ∆˜
[
R
(
∆
m
)
−R
(
∆˜
m
)]}
, (B.7)
H8(∆, ∆˜) =
i
16π2
{[
2m2 − 2
3
(∆2 +∆∆˜ + ∆˜2)
](
log
m2
µ2
− 1
ǫ′
)
+
16
9
(∆2 +∆∆˜ + ∆˜2)
− 10
3
m2 +
m(5m2 − 2∆˜2)
3(∆ − ∆˜) R
(
∆˜
m
)
− m(5m
2 − 2∆2)
3(∆− ∆˜) R
(
∆
m
)}
,
(B.8)
and
G5(∆, ∆˜) =
i
16π2
{
10
9
(∆2 +∆∆˜ + ∆˜2)− 4
3
m2
+
[
m2 − 2
3
(∆2 +∆∆˜ + ∆˜2)
](
log
m2
µ2
− 1
ǫ′
)
+
2m(∆2 −m2)
3(∆ − ∆˜) R
(
∆
m
)
− 2m(∆˜
2 −m2)
3(∆ − ∆˜) R
(
∆˜
m
)}
. (B.9)
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Appendix C
Formulae relevant for HMχPT in
a Finite Volume
C.1 Integrals and Sums
We have regularized ultra-violet divergences that appear in loop integrals using di-
mensional regularization with the MS scheme [see Eq. (B.1)]. The integrals appearing
in the full QCD calculation are defined by
Iλ¯(m) = µ
4−d
∫
ddk
(2π)d
1
k2 −m2 + iǫ =
im2
16π2
[
1
ǫ′
− log
(
m2
µ2
)]
, (C.1)
Hλ¯(m,∆) = (g
ρν − vρvν)µ4−d ∂
∂∆
∫
ddk
(2π)d
kρkν
(k2 −m2 + iǫ)(v · k −∆+ iǫ)
= 3
∂
∂∆
Fλ¯(m,∆), (C.2)
where
Fλ¯(m,∆) =
i
16π2
{[
1
ǫ′
− log
(
m2
µ2
)](
2∆2
3
−m2
)
∆+
(
10∆2
9
− 4m
2
3
)
∆
+
2(∆2 −m2)
3
mR
(
∆
m
)}
, (C.3)
with
R(x) =
√
x2 − 1 log
(
x−√x2 − 1 + iǫ
x+
√
x2 − 1 + iǫ
)
, (C.4)
and µ is the renormalisation scale. For the quenched and partially quenched calcula-
tions, we also need the integrals
I
(η′)
λ¯
= µ4−d
∫
ddk
(2π)d
1
(k2 −m2 + iǫ)2 =
∂Iλ¯(m)
∂m2
, (C.5)
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and
Hη
′
λ¯
(m,∆) = (gρν − vρvν)µ4−d ∂
∂∆
∫
ddk
(2π)d
kρkν
(k2 −m2 + iǫ)2(v · k −∆+ iǫ)
=
∂
∂m2
Hλ¯(m,∆). (C.6)
In a cubic spatial box of extent L in four dimension with periodic boundary conditions,
one obtains the sums (after subtracting the ultra-violet divergences)
I(m) = 1
L3
∑
~k
∫
dk0
2π
1
k2 −m2 + iǫ = I(m) + IFV(m), (C.7)
and
H(m,∆) = (gρν − vρvν) 1
L3
∑
~k
∂
∂∆
∫
dk0
2π
kρkν
(k2 −m2 + iǫ)(v · k −∆+ iǫ)
= H(m,∆) +HFV(m,∆) (C.8)
for the full QCD calculation, where the momentum ~k is quantized according to ~k =
(2π/L)~n. Furthermore, I(m) = Iλ¯(m)|λ¯=0 and H(m) = Hλ¯(m,∆)|λ¯=0 are the infinite
volume limits of I and H, and (n = |~n|)
IFV(m) = −
im
4π2
∑
~n 6=~0
K1(nmL)
nL
→ − i
4π2
∑
~n 6=~0
√
mπ
2n3L3
e−nmL
{
1 +
3
8nmL
− 15
128(nmL)2
+O
([
1
nmL
]3)}
(C.9)
is the finite volume correction to I(m) in the limit mL ≫ 1. The function HFV is the
finite volume correction to H(m,∆) and can be obtained via
HFV(m,∆) = i
[
(m2 −∆2)KFV(m,∆)− 2∆JFV(m,∆) + iIFV(m)
]
, (C.10)
where JFV(m,∆) and KFV(m,∆) are defined in Eqs. (4.20) and (4.27).
For QQCD and PQQCD calculations, one also needs
Iη′(m) = 1
L3
∑
~k
∫
dk0
2π
1
(k2 −m2 + iǫ)2 =
∂
∂m2
I(m) +
∂
∂m2
IFV(m), (C.11)
and
Hη′(m,∆) ≡ (gρν − vρvν) 1
L3
∑
~k
∂
∂∆
∫
dk0
2π
kρkν
(k2 −m2 + iǫ)2(v · k −∆+ iǫ)
=
∂
∂m2
H(m,∆) +
∂
∂m2
HFV(m,∆). (C.12)
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C.2 One-Loop Results
We collect the results for one-loop corrections to fP(s)
√
MP(s) and BP(s) . For conve-
nience, we introduce
C±(m,x) = I(m)± g2H(m,x), (C.13)
and
Cη′± (m,x) = Iη
′
(m)± g2Hη′(m,x), (C.14)
where the functions I(m),H(m,x), Iη′(m) andHη′(m,x) are defined in Eqs.(C.7), (C.8),
(C.11), and (C.12), respectively.
In full QCD, we find
fP
√
MP = κ
{
1− i
12f2
[9C−(Mπ,∆) + 6C−(MK ,∆+ δs) + C−(Mη,∆)]
}
, (C.15)
fPs
√
MPs = κ
{
1− i
3f2
[3C−(MK ,∆− δs) + C−(Mη,∆)]
}
, (C.16)
BP =
3β
2κ2
{
1− i
6f2
[3C+(Mπ,∆) + C+(Mη ,∆)]
}
, (C.17)
BPs =
3β
2κ2
{
1− 2i
3f2
[C+(Mη,∆)]
}
. (C.18)
In QQCD, we find
fP
√
MP = κ
{
1 +
i
2f2
[
α
3
C−(Mπ,∆) + αM
2
π −M20
3
Cη′− (Mπ,∆) + 2gγH(Mπ ,∆)
]}
,
(C.19)
fPs
√
MPs = κ
{
1 +
i
2f2
[
α
3
C−(mss,∆) + αm
2
ss −M20
3
Cη′− (mss,∆) + 2gγH(mss,∆)
]}
,
(C.20)
BP =
3β
2κ2
{
1− i
f2
[(
1− α
3
)
C+(Mπ,∆)− αM
2
π −M20
3
Cη′+ (Mπ,∆) + 2gγH(Mπ,∆)
]}
,
(C.21)
BPs =
3β
2κ2
{
1− i
f2
[(
1− α
3
)
C+(mss,∆)− αm
2
ss −M20
3
Cη′+ (mss,∆) + 2gγH(mss,∆)
]}
,
(C.22)
where
mss =
√
2M2K −M2π . (C.23)
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In PQQCD, we find
fP
√
MP = κ
{
1− i
2f2
[
2C−(muj ,∆+ δsea) + C−(mur,∆+ δsea + δ˜s)
+
1
3
m2rr −m2uu
m2uu −m2X
C−(muu,∆) + 2
27
(
m2rr −m2jj
m2X −m2uu
)2
C−(mX ,∆)
− 1
3
(m2jj −m2uu)(m2rr −m2uu)
m2uu −m2X
Cη′− (muu,∆)
]}
, (C.24)
fPs
√
MPs = κ
{
1− i
2f2
[
2C−(msj,∆+ δsea − δs) + C−(msr,∆+ δsea + δ˜s − δs)
+
1
3
m2jj −m2ss
m2ss −m2X
C−(mss,∆) + 2
27
(
m2rr −m2jj
m2X −m2ss
)2
C−(mX ,∆)
− 1
3
(m2jj −m2ss)(m2rr −m2ss)
m2ss −m2X
Cη′− (mss,∆)
]}
, (C.25)
BP =
3β
2κ2
{
1− i
f2
[
C+(muu,∆)− 1
3
(m2jj −m2uu)(m2rr −m2uu)
m2uu −m2X
Cη′+ (muu,∆)
+
1
3
m2rr −m2uu
m2uu −m2X
C+(muu,∆) + 2
27
(
m2rr −m2jj
m2uu −m2X
)2
C+(mX ,∆)



 ,
(C.26)
BPs =
3β
2κ2
{
1− i
f2
[
C+(mss,∆)− 1
3
(m2jj −m2ss)(m2rr −m2ss)
m2ss −m2X
Cη′+ (mss,∆)
+
1
3
m2jj −m2ss
m2ss −m2X
C+(mss,∆) + 2
27
(
m2rr −m2jj
m2ss −m2X
)2
C+(mX ,∆)



 ,
(C.27)
where
m2X =
1
3
(
m2jj + 2m
2
rr
)
(C.28)
It is straightforward to show that the PQQCD results reproduce those for full QCD in
the limit mj = mu and mr = ms.
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Appendix D
Charge Radii of the Meson and
Baryon Octets for Flavor SU(2)
We consider the case of SU(2) flavor and calculate charge radii for the pions and nu-
cleons. We keep the up and down quark masses non-degenerate and similarly for the
sea-quarks. Thus the quark mass matrix reads m
SU(2)
Q = diag(mu,md,mj ,ml,mu,md).
Defining ghost and sea quark charges is constrained only by the restriction that QCD
be recovered in the limit of appropriately degenerate quark masses. Thus the most
general form of the charge matrix is
QSU(2) = diag
(
2
3
,−1
3
, qj , ql, qj, ql
)
. (D.1)
The symmetry breaking pattern is assumed to be SU(4|2)L ⊗ SU(4|2)R ⊗ U(1)V −→
SU(4|2)V ⊗ U(1)V .
For the π+, π−, and π0 we find
GPQ
π+
(q2) = 1 +
1
16π2f2
[(
1
3
+ ql
)
Fdd +
(
2
3
− qj
)
Fuu − (1− qj + ql)Fud
−
(
1
3
+ qj
)
Fjd −
(
1
3
+ ql
)
Fld −
(
2
3
− qj
)
Fju −
(
2
3
− ql
)
Flu
]
+ α9
4
f2
q2, (D.2)
GPQ
π−
= −GPQ
π+
, and GPQ
π0
= 0, respectively.
The baryon field assignments are analogous to the case of SU(3) flavor. The nucle-
ons are embedded as
Bijk = 1√
6
(ǫijNk + ǫikNj) , (D.3)
where the indices i, j and k are restricted to 1 or 2 and the SU(2) nucleon doublet is
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defined as
N =
(
p
n
)
(D.4)
The decuplet field Tijk, which is totally symmetric, is normalized to contain the ∆
resonances Tijk = Tijk with i, j, k restricted to 1 or 2. The spin-3/2 baryon quartet is
then contained as
T111 = ∆++, T112 = 1√
3
∆+, T122 = 1√
3
∆0, and T222 = ∆−. (D.5)
The construction of the octet and decuplet baryons containing one sea or one ghost
quark is analogous to the SU(3) flavor case [94] and we will not repeat it here.
The free Lagrangian for B and T is the one in Eq. (5.17) (with the parameters
having different numerical values than in the SU(3) case). The connection to QCD is
detailed in [94]. Similarly, the Lagrangian describing the interaction of the B and T
with the pseudo-Goldstone bosons is the one in Eq. (5.17). Matching it to the familiar
one in QCD (by restricting the Bijk and Tijk to the qqq sector)
L = 2gANSµAµN + g1NSµNtr(Aµ) + g∆N
(
T
kji
ν A
ν
ilNjǫkl + h.c.
)
(D.6)
one finds at tree-level
α =
4
3
gA +
1
3
g1, β =
2
3
g1 − 1
3
gA, and C = −g∆N . (D.7)
The contribution at leading order to the charge radii from the Pauli form fac-
tor F2(q
2), involves only the magnetic moments which arise from the PQQCD La-
grangian [94]
L = ie
2MN
[
µα
(
B[Sµ, Sν ]BQSU(2)
)
+ µβ
(
B[Sµ, Sν ]QSU(2)B
)
+ µγ str(QSU(2))
(B[Sµ, Sν ]B)]Fµν . (D.8)
Note that in the case of SU(2) flavor the charge matrix Q is not supertraceless and
hence there appears a third operator. In QCD, the corresponding Lagrange density is
conventionally written in terms of isoscalar and isovector couplings
L = ie
2MN
(
µ0N [Sµ, Sν ]N + µ1N [S
µ, Sν ]τ3N
)
Fµν (D.9)
and one finds that the QCD and PQQCD coefficients are related by [94]
µ0 =
1
6
(µα + µβ + 2µγ) , and µ1 =
1
6
(2µα − µβ) . (D.10)
120
Table D.1: The coefficients βX , β
′
X , and AX in SU(2) flavor PQχPT for the proton.
X βX β
′
X AX
uu 29 (4g
2
A + 2g1gA + g
2
1)(2 − 3qj) (− 127 + 118qj)g2∆N − 43 + 2qj
ud − 49g2A(5 + 6ql) + 49g1gA(2− 3ql) + 19g21(1− 9qj − 6ql) (− 29 + 19qj + 118ql)g2∆N qj + 2ql
dd − 13g21(1 + 3ql) ( 127 + 19ql)g2∆N 13 + ql
uj − 29 (4g2A + 2g1gA + g21)(2 − 3qj) ( 127 − 118qj)g2∆N 43 − 2qj
ul − 29 (4g2A + 2g1gA + g21)(2 − 3ql) ( 127 − 118ql)g2∆N 43 − 2ql
dj 13g
2
1(1 + 3qj) (− 127 − 19qj)g2∆N − 13 − qj
dl 13g
2
1(1 + 3ql) (− 127 − 19ql)g2∆N − 13 − ql
Table D.2: The coefficients βX , β
′
X , and AX in SU(2) flavor PQχPT for the neutron.
X βX β
′
X AX
uu 13g
2
1(2− 3qj) (− 227 + 19qj)g2∆N − 23 + qj
ud 49g
2
A(7− 6qj)− 49g1gA(1 + 3qj) + 19g21(4− 6qj − 9ql) (16 + 118qj + 19ql)g2∆N −1 + 2qj + ql
dd − 29 (4g2A + 2g1gA + g21)(1 + 3ql) ( 154 + 118ql)g2∆N 23 + 2ql
uj −g21(23 − qj) ( 227 − 19qj)g2∆N 23 − qj
ul −g21(23 − ql) ( 227 − 19ql)g2∆N 23 − ql
dj 29 (4g
2
A + 2g1gA + g
2
1)(1 + 3qj) (− 154 − 118qj)g2∆N − 23 − 2qj
dl 29 (4g
2
A + 2g1gA + g
2
1)(1 + 3ql) (− 154 − 118ql)g2∆N − 23 − 2ql
Likewise, the leading tree-level corrections to the charge-radii come from the La-
grangian
L = e
Λ2χ
[
cα (BBQSU(2)) + cβ (BQSU(2)B) + cγ str(QSU(2))(BB)
]
vµ∂νF
µν (D.11)
that matches onto the QCD Lagrangian
L = e
Λ2χ
(
c0NN + c1Nτ
3N
)
vµ∂νF
µν (D.12)
with
c0 =
1
6
(cα + cβ + 2cγ) , and c1 =
1
6
(2cα − cβ) . (D.13)
Evaluating the charge radii at NLO order in the chiral expansion yields
< r2E >= −
6c
Λ2χ
+
3α
2M2N
− 1
16π2f2
∑
X
[
AX log
m2X
µ2
− 5βX log m
2
X
µ2
+ 10β′XG(mX ,∆, µ)
]
.
(D.14)
The coefficients c are given by cp = c0 + c1 and cn = c0 − c1 while αp = µ0 + µ1 and
αn = µ0 − µ1. The remaining coefficients are listed in Table D.1 for the proton and
Table D.2 for the neutron.
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Appendix E
More on the Baryon Decuplet
Form Factors
E.1 q2 Dependence of the Form Factors
For reference, we provide the q2 dependence of the decuplet electromagnetic form fac-
tors defined in Section 6.2 at one-loop order in the chiral expansion. To do so we define
PX =
√
1− x(1− x)q
2
m2X
. (E.1)
Then we have
F1(q
2) = Q
(
1− µcq
2
2M2B
− Qcq
2
2Λ2χ
+
ccq
2
Λ2χ
)
− 3 + C
2
16π2f2
∑
X
AX
[
q2
6
log
m2X
µ2
− 2m2X
∫ 1
0
dx P 2X log PX
]
− H
2
24π2f2
∑
X
AX
{
11
36
q2 log
m2X
µ2
+
5
3
∆mXR
(
∆
mX
)
−
∫ 1
0
dx
[
10
3
(
m2X
2
−∆2 − 11
10
x(1− x)q2
)
log PX
+∆mXPX
(
5
3
+
x(1− x)q2
∆2 −m2XP 2X
)
R
(
∆
mXPX
)]}
,
(E.2)
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F2(q
2) = 2µcQ− C
2MB
8πf2
∑
X
AXmX
∫ 1
0
dx PX +
MBH2
36π2f2
∑
X
AX
{
∆ log
m2X
µ2
+
∫ 1
0
dx
[
2∆ log PX −mXPXR
(
∆
mXPX
)]}
, (E.3)
and
G1(q
2) = 4Q
(
µc +Qc
2M2B
Λ2χ
)
− M
2
BC2
2π2f2
∑
X
AX
[
1
6
log
m2X
µ2
+
∫ 1
0
dx 2x(1 − x) log PX
]
+
2M2BH2
9π2f2
∑
X
AX
{
1
6
log
m2X
µ2
+
∫ 1
0
dxx(1− x)
[
2 log PX
− ∆mXPX
∆2 −m2XP 2X
R
(
∆
mXPX
)]}
. (E.4)
E.2 Electromagnetic Properties for Flavor SU(2)
Here we consider the case of SU(2) flavor and calculate the electromagnetic moments
and charge radii of the delta quartet. We keep the up and down valence quark masses
non-degenerate and similarly for the sea-quarks. Thus the quark mass matrix reads
m
SU(2)
Q = diag(mu,md,mj ,ml,mu,md). Defining ghost and sea quark charges is con-
strained only by the restriction that QCD be recovered in the limit of appropriately
degenerate quark masses. Thus the most general form of the charge matrix is
QSU(2) = diag
(
2
3
,−1
3
, qj , ql, qj, ql
)
. (E.5)
The symmetry breaking pattern is assumed to be SU(4|2)L ⊗ SU(4|2)R ⊗ U(1)V −→
SU(4|2)V ⊗ U(1)V . The baryon field assignments are analogous to the case of SU(3)
flavor. The nucleons are embedded as
Bijk = 1√
6
(ǫijNk + ǫikNj) , (E.6)
where the indices i, j and k are restricted to 1 or 2 and the SU(2) nucleon doublet is
defined as
N =
(
p
n
)
(E.7)
The decuplet field Tijk, which is totally symmetric, is normalized to contain the ∆-
resonances Tijk = Tijk with i, j, k restricted to 1 or 2. Our states are normalized so
that T111 = ∆++. The construction of the octet and decuplet baryons containing one
sea or one ghost quark is analogous to the SU(3) flavor case [94] and we will not repeat
it here.
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Table E.1: The SU(2) coefficients ATX in χPT and PQχPT.
χPT PQχPT
π± uu ud dd ju lu jd ld
∆++ 1 − 23 + qj 13 + ql 0 23 − qj 23 − ql 0 0
∆+ 13 − 49 + 23qj 13qj + 23ql 19 + 13ql 49 − 23qj 49 − 23ql − 19 − 13qj − 19 − 13ql
∆0 − 13 − 29 + 13qj − 13 + 23qj + 13ql 29 + 23ql 29 − 13qj 29 − 13ql − 29 − 23qj − 29 − 23ql
∆− −1 0 − 23 + qj 13 + ql 0 0 − 13 − qj − 13 − ql
The free Lagrangian for B and T is the one in Eq. (2.60) (with the parameters
having different numerical values than the SU(3) case). The connection to QCD is
detailed in [94]. Similarly, the Lagrangian describing the interaction of the B and T
with the pseudo-Goldstone bosons is the one in Eq. (5.17). Matching it to the familiar
one in QCD (by restricting the Bijk and Tijk to the qqq sector),
L = g∆N
(
T kjiν A
ν
ilNjǫkl + h.c
)
+ 2g∆∆T
ν
kjiSµA
µ
ilTν,ljk + 2gXT
ν
kjiSµTν,ijktr(A
µ), (E.8)
one finds at tree-level C = −g∆N and H = g∆∆, with gX = 0. The leading tree-level op-
erators which contribute to ∆ electromagnetic properties are the same as in Eqs. (6.7),
(6.9), and (6.11), of course the low-energy constants have different values.
Evaluating the ∆ electromagnetic properties at NLO in the chiral expansion yields
expressions identical in form to those above Eqs. (6.15), (6.16), and (6.17) with the
SU(2) identifications made for C and H above. The SU(2) coefficients ATX appear in
Table E.1 for particular ∆–resonance states T . [tb] In the table, we have listed values
corresponding to the loop meson that has mass mX for both χPT and PQχPT. Again,
the χPT coefficients can be used to find the ∆-resonance charge radii in two-flavor
QCD. These have not been previously calculated.
In addition, however, local counterterms appear, that involve the non-zero super-
trace of the charge matrix in SU(2|2). Using the general form of the charge matrix
Eq. (E.5), we have an additional dimension-5 magnetic moment operator in PQχPT
L = µγ 3ie
MB
(T µT ν)Fµν str(QSU(2)), (E.9)
that matches onto the χPT operator
L = µγ 3ie
MB
Tµi T
ν
i Fµν tr(QSU(2)). (E.10)
There is an additional dimension-6 electric quadrupole operator in PQχPT
L = −Qγ 3e
Λ2χ
(
T {µT ν}
)
vα∂µFνα str(QSU(2)), (E.11)
that matches onto the χPT operator
L = −Qγ 3e
Λ2χ
T
{µ
i T
ν}
i v
α∂µFνα tr(QSU(2)). (E.12)
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Finally in PQχPT there is an additional dimension-6 charge radius operator
L = cγ 3e
Λ2χ
(T σTσ) vµ∂νFµν str(QSU(2)), (E.13)
that matches onto
L = cγ 3e
Λ2χ
T σi Tσ,i vµ∂νF
µν tr(QSU(2)) (E.14)
in χPT. Notice the PQχPT low-energy constants µγ , Qγ , and cγ are identical at tree
level to those in χPT.
Inclusion of the above operators leads to tree-level contributions to the ∆ quartet
electromagnetic properties. Since these contributions are proportional to the super-
trace of the charge matrix, the corrections are identical for each member of the quartet.
The charge radius should include an additive correction
δ < r2E >=
2µγ
M2B
+
Qγ + 6cγ
Λ2χ
, (E.15)
while for the magnetic moment
δµ = 2µγ , (E.16)
and for the electric quadrupole moment
δQ = −2µγ − 4QγM
2
B
Λ2χ
. (E.17)
Notice that these corrections only affect the counterterm structure of the results.
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Appendix F
∆→ Nγ Transitions for Flavor
SU(2)
We repeat the calculation of the transition moments for the case of SU(2) fla-
vor with non-degenerate quarks, i.e., the quark mass matrix reads m
SU(2)
Q =
diag(mu,md,mj ,ml,mu,md). Since defining ghost and sea quark charges is con-
strained only by the restriction that QCD be recovered in the limit of appropriately
degenerate quark masses, the most general form of the charge matrix is
QSU(2) = diag
(
2
3
,−1
3
, qj , ql, qj, ql
)
. (F.1)
The symmetry breaking pattern is assumed to be SU(4|2)L ⊗ SU(4|2)R ⊗ U(1)V −→
SU(4|2)V ⊗ U(1)V . The baryon field assignments are analogous to the case of SU(3)
flavor. The nucleons are embedded as
Bijk = 1√
6
(ǫijNk + ǫikNj) , (F.2)
where the indices i, j and k are restricted to 1 or 2 and the SU(2) nucleon doublet is
defined as
N =
(
p
n
)
(F.3)
The decuplet field Tijk, which is totally symmetric, is normalized to contain the ∆-
resonances Tijk = Tijk with i, j, k restricted to 1 or 2 and T111 = ∆++. The construction
of the octet and decuplet baryons containing one sea or one ghost quark is analogous
to the SU(3) flavor case [94] and will not be repeat here.
The free Lagrangian for B and T is the one in Eq. (2.60) (with the parameters
having different numerical values than the SU(3) case). The connection to QCD is
detailed in [94]. Similarly, the Lagrangian describing the interaction of the B and T
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with the pseudo-Goldstone bosons is the one in Eq. (7.5) that can be matched to the
familiar one in QCD (by restricting the Bijk and Tijk to the qqq sector),
L = 2gANSµAµN + g1NSµNtr(Aµ) + g∆N
(
T kjiν A
ν
ilNjǫkl + h.c
)
+2g∆∆T
ν
kjiSµA
µ
ilTν,ljk + 2gXT
ν
kjiSµTν,ijktr(A
µ), (F.4)
where one finds at tree-level g1 = −2(D − F ), gA = D + F , C = −g∆N , and H = g∆∆,
with gX = 0. The leading tree-level operators which contribute to ∆ → Nγ have the
same form as in Eq. (7.4); of course the low-energy constants have different values. For
transitions no additional tree-level operators involving supertrace of QSU(2) appear.
Evaluating the transition moments at NLO in the chiral expansion yields expres-
sions identical in form to those in Eqs. (7.6)–(7.8) with the SU(2) identifications made
for C, H, D, and F . For the SU(2) coefficients in χPT one finds βBX = gA/
√
3 and
βTX = 5/(3
√
3) for the π±. The corresponding values for the case of PQχPT appear in
Table F.1.
Table F.1: The SU(2) coefficients βBX and β
T
X in PQχPT for ∆→ Nγ.
βBX β
T
X
uu 1
3
√
3
(2− 3qj) − 19√3 (2− 3qj)
ud 1√
3
[1 + qj − ql + 2 gAg1 ] 13√3 (4− qj + ql)
dd 1
3
√
3
(1 + 3ql) − 19√3 (1 + 3ql)
ju − 1
3
√
3
(2 − 3qj) 19√3 (2− 3qj)
lu − 1
3
√
3
(2− 3ql) 19√3 (2− 3ql)
jd − 1
3
√
3
(1 + 3qj)
1
9
√
3
(1 + 3qj)
ld − 1
3
√
3
(1 + 3ql)
1
9
√
3
(1 + 3ql)
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Appendix G
More on Finite Lattice Spacing
Corrections
G.1 O(a) Corrections for Flavor SU(2)
We consider the case of SU(2) flavor PQQCD1 and summarize the changes needed
to determine finite lattice spacing corrections to the electromagnetic properties of
hadrons considered above. For the two flavor case, we keep the up and down valence
quark masses non-degenerate and similarly for the sea-quarks. Thus the quark mass
matrix reads
m
SU(2)
Q = diag(mu,md,mj ,ml,mu,md), (G.1)
while the SW matrix is
c
SU(2)
Q = diag(c
v , cv , cs, cs, cv, cv). (G.2)
Defining ghost and sea quark charges is constrained only by the restriction that
QCD be recovered in the limit of appropriately degenerate quark masses. Thus the
most general form of the charge matrix is
QSU(2) = diag
(
2
3
,−1
3
, qj , ql, qj, ql
)
, (G.3)
which is not supertraceless. Analogous to the three flavor case, the vector-current will
receive O(a) corrections from the operators in Eq. (8.5) of which only the operator Oµ1
is relevant. The coefficient matrix associated with this operator is
c
SU(2)
1 = diag(c
v
1, c
v
1, c
s
1, c
s
1, c
v
1, c
v
1). (G.4)
The O(a) operators listed above in Sections 8.3–8.6 are the same for the SU(2)
flavor group, however, the coefficients have different numerical values. Additionally
there are operators involving str(QSU(2)+ ). These are listed for each electromagnetic
observable below.
1For brevity we refer to SU(4|2) PQQCD as SU(2). The distinction will always be clear.
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Octet mesons
In the meson sector, one has the additional term
L = im4ΛχFµν str
(
A+DµΣDνΣ† +A+DµΣ†DνΣ
)
str(QSU(2)+ ). (G.5)
Octet baryons
In the octet baryon sector, there are terms which originate from A+ insertions
L = 1
Λχ
[
b9
(BBA+)+ b10 (BA+B)] vµ∂νFµν str(QSU(2)+ )
+
b11
Λχ
(BB) vµ∂νFµν str(QSU(2)+ ) str(A+)
+i
[
b′9
(B[Sµ, Sν ]BA+)+ b′10 (B[Sµ, Sν ]A+B)]Fµν str(QSU(2)+ )
+i b′11
(B[Sµ, Sν ]B)Fµν str(QSU(2)+ ) str(A+), (G.6)
and additional vector-current correction operators
L = a cA,γ
Λχ
(BB) vµ∂νFµν str(QSU(2)cSU(2)1 ) + ia µA,γ2 (B[Sµ, Sν ]B)Fµνstr(QSU(2)cSU(2)1 ).
(G.7)
Decuplet baryons
Next in the decuplet sector there are terms that result from A+ insertions
L = d5
Λχ
(T σA+Tσ) vµ∂νFµν str(QSU(2)+ ) + d6Λχ
(T σTσ) vµ∂νFµν str(QSU(2)+ ) str(A+)
+i d′5
(T µA+Tν)Fµν str(QSU(2)+ ) + i d′6 (T µTν)Fµν str(QSU(2)+ ) str(A+)
+
d′′5
Λχ
(
T {µA+T ν}
)
vα∂µFνα str(QSU(2)+ )
+
d′′6
Λχ
(
T {µT ν}
)
vα∂µFνα str(QSU(2)+ ) str(A+)
(G.8)
and also further vector-current correction operators
L = 3a c
′
A,γ
Λχ
(T σTσ) vµ∂νFµν str(QSU(2)cSU(2)1 ) + 3ia µ′A,γ (T µTν)Fµν str(QSU(2)cSU(2)1 )
−3aQA,γ
Λχ
(
T {µT ν}
)
vα∂µFνα str(QSU(2)cSU(2)1 ). (G.9)
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Baryon transitions
Finally for the transitions, there are only new A+ insertions
L = it6
(BSµA+Tν)Fµν str(QSU(2)+ ) + t′6Λχ
(
BS{µA+T ν}
)
vα∂µFνα str(QSU(2)+ )
+
it′′6
Λ2χ
(BSµA+Tν) ∂α∂µF να str(QSU(2)+ ). (G.10)
For each electromagnetic observable considered above, contributions from all O(a)
operators in the effective theory are of higher order than the one-loop results in the
chiral expansion. Thus one need only retain the finite lattice spacing corrections to the
meson masses and use the previously found expressions for electromagnetic properties
in SU(2) PQχPT in Appendices D, E.2, and F, as well as Refs. [94,161].
G.2 Coarse-Lattice Power Counting
Here we detail the O(a) corrections to electromagnetic properties in an alternate
power-counting scheme. We imagine a sufficiently coarse lattice, where aΛχ can be
treated as O(ǫ), so that2
ǫ2 ∼


mq/Λχ,
a2Λ2χ,
p2/Λ2χ
. (G.11)
In this case, there are known additional O(a2) corrections [159] to the meson masses
that are now at O(ǫ2) and must be included in expressions for loop diagrams. The free
Lagrangian for Bijk and T µijk fields contains additional terms of O(a2) that correct the
baryon masses, and modify the kinetic terms. Potential contributions due to the latter,
whatever their form, must be canceled by wavefunction renormalization diagrams.
The only contribution of O(a2) could come from tree-level electromagnetic terms but
these are necessarily higher order. Thus in this power counting there are no unknown
O(a2) corrections for electromagnetic properties.
The only possible corrections come from the O(a) operators assembled above. A few
of these do contribute at tree level and are spelled out below.
Octet mesons
The O(a) corrections to the meson form factors are now O(ǫ3) in the power counting.
While the meson charge radii at NLO in the chiral expansion are at O(ǫ2), further
corrections in the chiral expansion are at O(ǫ4). Thus one can use the O(a) operators
2This power counting coupled with the chiral expansion is most efficient for valence Ginsparg-Wilson
quarks where O(a) corrections vanish. We thank Gautam Rupak for pointing this out.
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to completely deduce the charge radii to O(ǫ3) [apart from O(ǫ3) corrections to the
meson masses]. These O(a) operators are given in Eqs. (8.13) and (8.14) and yield a
correction δ < r2E > to the meson charge radii of the form
δ < r2E >= Q
24aΛχ
f2
[cv(2m1 +m2) + 3c
sm3 + c
v
1αA,9] (G.12)
Notice that there are no corrections associated with an unimproved current operator
in the sea sector since cs1 is absent.
In the case of SU(2) flavor, there is an additional contribution from the operator
in Eq. (G.5). At tree level, however, this operator vanishes. The only correction to
Eq. (G.12) in changing to SU(2) flavor is to replace 3cs with 2cs which reflects the
change in the number of sea quarks.
Octet baryons
For the octet baryon electromagnetic properties, the O(a) corrections to the charge
radii are now O(ǫ3) and can be dropped as they are the same order as neglected 1/MB
corrections. The magnetic moments, however, do receive corrections from local oper-
ators. Specifically, the O(a) operators which contribute to magnetic moments at O(ǫ)
are insertion of A+ into the magnetic moment operator given in Eq. (8.17) and Oµ1
corrections given in Eq. (8.19). Calculation of these corrections yields a shift in the
magnetic moments
δµ = aMB
{
cv
[
A
(
b′1 +
1
2
b′4
)
−B (2b′2 + b′3 − b′5)
]
+ 3cs
(
1
2
Ab′6 −B b′7
)
+C(cs − cv)qjlr b′8 +
cv1
2
[
1
2
µA,αA− µA,βB
]}
, (G.13)
where qjlr = qj + ql + qr. The coefficients A and B are listed for octet baryons in
Table G.1, while C = 1 for all octet magnetic moments and C = 0 for the ΛΣ0 transition
moment. Notice that there are no corrections associated with an unimproved current
operator in the sea sector.
In the case of SU(2) flavor, there are additional contributions given in Eqs. (G.6)
and (G.7). For the proton and neutron, we have
δµSU(2) = aMB
{
cv
[
A
(
b′1 +
1
2
b′4
)
−B (2b′2 + b′3 − b′5)+ 13 (b′9 + b′10)
]
+2cs
(
1
2
Ab′6 −B b′7 +
1
3
b′11
)
+
[
csqjl + c
v
(
1
3
− qjl
)
b′8
]
+
cv1
2
[
1
2
AµA,α −B µA,β +
(
1
3
− qjl
)
µA,γ
]
+
cs1
2
qjl µA,γ
}
, (G.14)
where qjl = qj + ql.
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Table G.1: The coefficients A and B for the octet baryons.
A B
p 1 0
n − 13 − 13
Σ+ 1 0
Σ0 16
1
6
Λ − 16 − 16
Σ0Λ 1
2
√
3
1
2
√
3
Σ− − 23 13
Ξ0 − 13 − 13
Ξ− − 23 13
Decuplet baryons
For the decuplet baryon electromagnetic properties in coarse-lattice power counting,
the O(a) corrections to the charge radii are O(ǫ3) and the corrections to the electric
quadrupole moments are O(ǫ), both of which are higher order than the one-loop re-
sults. The magnetic moments, however, do receive corrections from local operators.
Specifically, the O(a) operators which contribute to magnetic moments at O(ǫ) are A+
insertions into the magnetic moment operator given in Eq. (8.23) and Oµ1 correction
operators given in Eq. (8.25). Calculation of these corrections yields a shift in the
magnetic moments
δµ = 2aMB
[
1
3
cvQ (2d′1 + d
′
2) + c
sQd′3 + (c
s − cv)qjlrd′4 + cv1QµA,c
]
. (G.15)
Notice that in SU(3) strQ = 0, hence there is no dependence on cs1 in the above result.
In the case of SU(2) flavor, there are additional contributions given in Eqs. (G.8)
and (G.9). The corrections to the ∆ quartet magnetic moments are then
δµSU(2) = 2aMB
{
1
3
cv
(
2Qd′1 +Qd
′
2 + d
′
5
)
+
2
3
cs
(
Qd′3 + d
′
6
)
+
[
csqjl + c
v
(
1
3
− qjl
)]
d′4
+cv1
[
QµA,c + (1− 3qjl)µ′A,γ
]
+ 3cs1qjlµ
′
A,γ
}
(G.16)
Baryon transitions
For the decuplet to octet electromagnetic transitions in coarse-lattice power counting,
the O(a) corrections to G2(0) and G3(0) are O(ǫ) which are of higher order than the
one-loop results. The G1(q
2) form factor does, however, receive corrections from local
operators. Specifically these O(a) operators which contribute to G1(0) at O(ǫ) are the
insertions ofA+ into the magnetic dipole transition operator given in Eq. (8.29) and the
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vector-current corrections given in Eq. (8.32). Calculation of these corrections yields a
shift of G1(0)
δG1(0) = aMB αT
√
2
3
{
cv
(
t1 + t2 + t3 − 1
2
t4
)
+ 3cs t5 + c
v
1 µA,T
√
3
8
}
, (G.17)
where the transition coefficients αT appear in [6]. Again, at this order the result is
independent of O(a) improvement to the electromagnetic current in the sea sector. In
the case of SU(2) flavor, there is an additional dipole operator given in Eq. (G.10).
At tree level, however, this operator vanishes. The only correction to Eq. (G.17) in
changing to SU(2) flavor is to replace 3cs with 2cs which reflects the change in the
number of sea quarks.
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